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comparative study of programs for solving near equations

C.P. Bus
}STRACT

In this report we propose a method for ring the efficienc
1liability of programs for solving systems alinear equations.
1is method for comparing a great number of ing programs. The
‘ these comparisons are given in such a wa; it is easy for th
» decide which program he should choose fo1 ing a given system

mlinear equations.
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TRODUCTION

In recent years, the testing of numerical software becomes more and
re important. There are several reasons for this development., One is the
eation of large user libraries of numerical programs (IMSL [32], NAG [381,
MAL [39] etc.), where the need for choosing the programs to be included,
kes testing very urgent., Another reason is the confusing variety of pro-
ams in some fields of numerical mathematics, which makes it impossible for
e unsophisticated user of numerical software to choose the right program
r solving his problem. A lot of papers are devoted to the testing of soft-
re (HAGUE et al.[29], HILLSTROM [30], LOOTSMA [34], EINARSSON [23], HULL
1] etc.). However, many of the ideas suggested in the various papers are
ntroversial or contradict each other, Therefore, we want to point out
early the purposes of this report. In our opinion, the process of select-
g useful numerical software consists of three stages:
analysis of the theoretical properties of the underlying algorithms;
analysis of the practical performance of the algorithms;
analysis of programs.,

will elucidate these three stages.

Analysis of theoretical properties
The algorithms should have a sound mathematical basis. It should be

ear on what conditions convergence is guaranteed.

Analysis of practical performance
We are interested in two desirable properties.
The work that has to be done to solve a problem. We say that an algorithm
is more efficient than another for solving a problem, when the work that
has to be done for solving this problem with this algorithm is less than
for solving with the other algorithm.
The capability of an algorithm to compute accurate answers to severe
problems or to compute answers at all to such problems. This is called
reliability or robustness.
One should realize that the most efficient algorithm for solving rela-
rely easy problems may frequently fail in solving severe problems. More-

:r, an algorithm that is capable of solving severe problems will usually




. be efficient for solving easy problems. For instance, evaluating a func-
m for all representable numbers on a computer is clearly a robust method
+ finding a solution of an equation in one variable, however, using inter-
ation will be far more efficient in most cases but may fail sometimes.

In most practical cases, the user does not know in advance whether his
blem is relatively easy to solve. Hence, he wants to choose the algorithm
t has both the highest probability that it solves his problem and is the
t efficient algorithm for solving it. However, the arguments above indi-
e that these wishes are rather contradictory in most cases. Hence, the
r has to choose the appropriate algorithm by a method of trial and error.
. goal of this report is to tell him which algorithm is the best to try
'st and which one when the first is failing and so on,

In performing an analysis of the relative efficiency and reliability
some algorithm one should have some measure for these properties. For
y non-iterative algorithms it is easy to count the number of basic arith-
ical operations (+,-,%,/) and the number of evaluations of the functions
olved, if there are any. This gives a very practical measure of the ef-
iency of such algorithms., Furthermore, a theoretical analysis of non-iter-
ve algorithms will usually give enough information about the reliability.
ever, for iterative algorithms these problems are far more complicated,
hough it is possible to count the number of arithmetical operations as
1 as the number of function evaluations performed at each iteration step,
vided that there are no iterative subprocesses, we do not know the num-

of iteration steps needed to obtain a certain result. Therefore, we
e to make programs which implement the iterative algorithms in order to
able to get this number for a representative set of testproblems. Clear-
the reliability of the algorithm is measured by just counting the num-
of failures while solving the problems of the given set. By measuring
efficiency, however, we feel that we should not take into account the
lures of an algorithm, since we know that it may fail in solving rela-
ely difficult problems. Thereforé, it is necessary to create a set of
atively easy testproblems in a sense that should be specified clearly.
s set should be used for comparing the efficiency of all algorithms. Ob-
usly, the notions efficiency and reliability as used in this report are

endent on the sets of testproblems chosen. Selection of these sets should




: based on thorough theoretical and practical arguments. We tried to do
), but we do realize that it is still far from being ideal.

Finally, we want to emphasize that a measure for the efficiency of an
.gorithm should be as independent as possible of the environment in which
te algorithm is used. Therefore, computation time is a very bad measure,
nce it depends on the running system of the computer (usually swapping
me is added to normal computation time), on the hardware (the‘ratio of
le time needed for addition and for multiplication varies from one computer

y another), on the compiler used (see PARLETT & WANG [42]) and on many

‘her things which are difficult to define precisely.

Analysis of programs
Examples of properties that the program should satisfy are:

the program should be well-structured (built up from independent modules),
so that error detection becomes easy;
stopping criteria should be such that the required results can be guar-
anteed (if at all possible); some kind of error messages should be given
when the algorithm breaks down;

- machine-dependent quantities should be avoided if at all possible, other-
wise they should be defined explicitly and the computation should be such

that under- and overflow is avoided.

In this report we will be concerned with the first two stages with re-
yect to the problem of solving systems of nonlinear equations, although
le first stage is mainly restricted to giving relevant literature.

In section 1 the problem is defined. In section 2 some theoretical
ickground is given. Particularly, Newton-like algorithms are briefly dis-
1ssed. In section 3 we describe the methods known and mention relevant lit-
-ature about convergence and stability. In section 4 we list the programs
1ich are chosen for testing. We did only choose those programs of which
| implementation in ALGOL 60 or FORTRAN is readily available from the lit-
-ature. We did not implement algorithms by ourselves since one of our pur-
yses is to present the unsophisticated user a guide for choosing an exist-
1g program for solving his problems,

In section 5 we define the testproblems and we propose a classification

 these problems. In section 6 we summarize the results of section 1 to 5
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STATEMENT OF THE PROBLEM

We consider the problem of
t F denote an n-dimensional co

fined on some region D ¢ R":
1) F: D c R" > R",

an we want to compute some vec

.2) F(z) =0 ¢ R,

numerical analysis, a wide va
vay that the solution of a sys
lving these problems. For inst

>blem

u" = f(t,u),
u(0) = a, u(l) = B,

th a finite difference or fini

'e give him the tools which should en-

main part of this report, at least

where the numerical experiments are

ven in tables and diagrams. In sec-

y and reliability of the various pro-
the information that is necessary to
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is advised to examine his problem in
subsequently, to choose the program
in section 8, and finally, to read
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g a system of nonlinear equations.

us (nonlinear) function of n variables,

€ D, such that

of problems may be formulated in such
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solving a two point boundary value
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ment method gives rise to a system of




mlinear equations if f(t,u) is nonlinear in u. Other problems, for which
ylving may require the solution of a system of nonlinear equations are
.liptic boundary value problems, integral equations or two-dimensional var-
itional problems (see ORTEGA & RHEINBOLDT [401]).

Algorithms for solving nonlinear problems are usually iterative. I.e.,

.ven any initial approximation X, to z, the algorithm generates a series

0

(o]
' approximations {Xi}i= to z, such that

1

lim x, = z,

. i

1>
: is very obvious that the choice of the initial guess may highly affect
ile convergence of the sequence {xi} to the solution vector z. Therefore,

: give a more precise definition of the problem considered

given F: D c R" > R" and x. D;

0
calculate z ¢ D, such that F(z) = 0.

.3)

: denote this problem by
o4) [F(x) = 0; Xq3 D].

i this report we compare programs for solving problem (1.3).

THEORETICAL BACKGROUND

1. General theoretical considerations

An iterative m—-step method which uses the function and its first deri-

tive for solving problem (1.3) may generally be defined by:

given xo,...,x -1°

calculate for k = m-1,m,m+1,...

Jd.1) Keop = Op(Keoeeen Xy s FO ) PO 0053000500, TGy ) s

ere J(x) is the so-called Jacobian matrix of partial derivatives. Speci-




> examples are

v 1.2) Xl = ¢(Xk) X, - [J(xk)]-lF(xk) (Newton's method),

,1.3) Kol = lb(xk)

x, - [M(x) J"F(xk),

:re M(xk) will usually be some approximation to J(Xk)' Most methods con-
lered in this report, including Newton's method, can be given in the form
,1.3). Therefore, we will pay some special attention to these so-called
vton-like methods.

A theoretical analysis of Newton's method, which is based on the New-
1-Kantorovich theorem can be found in the literature (e.g. ORTEGA & RHEIN-
.DT [40], COLLATZ [16], RALL [45]). For this method, one can prove that

: error in ¢(X) as an approximation to the solution z satisfies:
2
v1.4) lp(x)-zl < S(x,z)lx-zl",

sre S(x,z) depends on "[J(x)]_l" and the norm of the second derivative of
> function in some region containing x and z (COLLATZ [16], BUS [14]).
i1ce, provided S(x,z) is bounded (i.e. J(xX) is nonsingular and the second
rivative is bounded) the asymptotic order of convergence of Newton's meth-
is quadratic,

However, the use of iteration formula (2.1.3) leads to the more compli-

:ed bound for the error in Y(x):

1.5 lpx)-zl < c](x)u[J(x)]“‘nux-zn +

Mo+ s, z)Ix-212,

+ (c](x)H[J(x)]_
ire c](x) is a measure for the error in M(x) as an approximation to J(x)
IS [14]). It is obvious from (2.1.5) that superlinear convergence of the

‘hod given by (2.1.3) can only be guaranteed if
1.6) c](x) = 0(llx-zl), for x » z.

: somewhat different treatments of the convergence analysis of methods
given by (2.1.3) we refer to ORTEGA & RHEINBOLDT [40] or BOGGS & DENNIS
l.




2. Numerical aspects

Using a method as given by (2.1.3) on a computer, we are confronted
.th two kinds of problems due to the finite word length of a computer. The
.rst one is that in computing M(xk) as an approximation to J(xk), the best
» can obtain anyhow is a relative error which is about the same as the pre-
'sion of arithmetic. Hence (2.1.6) cannot be satisfied. The seqond problem
; the stability of the method for solving the linear system in each itera-

.on step. Using gaussian elimination for solving a linear system
Ax = b
» obtain an upper bound for the relative error in the solution

I
2.1) Ella—;{"—SK(A)RE=0L

i~

lere € is the precision of arithmetic, «(A) = "A"HA_IH is the condition
mber of the matrix A and R is some constant, mainly depending on the or-
:r of the system and specific details of the method used (WILKINSON [491]).
- is assumed that «(A) << 1/e.

Let ¥(x) be the value obtained by evaluating the right hand side of
2.1.3) with precision of arithmetic e. Then, we obtain for the error in

(x) as an approximation to z (BUS [14]):

1.2.2) 13-zl < elxl + Lx)lx-z1 + Q(x)lIx-zI2,

1ere

1

2,2.3) L(x) = B(x) + (1 + B(x))c)ITI(x)] I

3

o

.2.4) Q(x) (1 + L(x))S(x,2),

[\

-2.5) B(x)

(I+e)a(x) + &,

(x) and S(x,z) are given by (2.2.1), with A replaced by J(x), and (2.1.4),
aspectively, and c(x) is a measure for the error in M(x) as a numerical
sproximation to J(x).

Hence, using a method defined by (2.1.3) for solving problem (1.3),




7e can not expect to obtain a numerical solution in a relative precision

thich is higher than the precision of arithmetic. Furthermore, convergence

it all depends on the value of

3(x,z), the convergence factor of the exact Newton method, which depends on
the problem,

:(x) , a measure of the error in M(x) as a numerical approximation to J(x),
which depends on the method as well as on the problem,

} 8 o , which reflects the condition number of the linear subproblem and
depends on the problem as well as on the method used for solving
the linear system.

\nyhow,
2.2.6) r(x) = L(x) + Q(x)lIx-zl,

‘or x in some region U, containing the solution, is the critical number
thich reflects whether a problem is easily solvable by a given method.
£

rx) <1, for x e U

‘hen convergence is assured for each starting point in U. Since almost all
lethods given in this report may be described by (2.1.3), we will use in

tection 5.2 the quantity

2.2.7) I = sup I'(x),
xeU
'here
2.2.8) U= {x}uixe R” | Ix-zl < r(x))},
r(x) = elxl + l¢(x)-zl + L(x)l¢(x)-xI,

or selecting problems which are easy or difficult to solve (see also BUS
147).
3. The influence of scaling

It is well known that scaling of the variables may influence the be-

aviour of a method for solving problem (1.3).
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roblem (1.3) is given and we introduce new variables x defined

: Dx,

le diagonal matrix with positive nonzero diagonal elements

. Then we obtain for the Jacobian matrix

'y = é% F(x) = J(x)D "

msor of partial second derivatives

_ _ 3F , (x)
H(x) = (Hijk(x)) = (52332;9;
- 1
k(x) = dj—dk Hijk(x).

x),"[J(x)]—]" and S(x,z) are all changed by scaling and there-
r I may well be reduced. However, it is hard to prove such a

a specific problem. In practice, it seems best to scale the

. that they all have about the same order of magnitude. Another
ling in such a way may be that one wants to have all variables

ame relative precision (see section 2.4).

e of stopping criteria

methods used for finding the solution of a system of non-
ns are iterative, we have to find some stopping criteria.

ods, the most commonly used criteria are

—x b oseglx e,

xk)" < t2’

t2 are tolerance values which should be given by the user.
can be applied since these quantities are known in each iter-
all methods discussed in this report, the calculation of a
done by some kind of linear approximation of the function

in such an approximation is highly dependent on the second




0

wrivative of the function. When we take a Newton-like method as an example,

» see from (2.2.2) that

“a(xk)—z"

<
“xk-zﬂ "xk—z

'.4.3) T Izl + r(x).

snce, if the right hand side is nearly equal to 1 then the step length may
1tisfy (2.4.1) while the error in @(xk) as an approximation to ‘'z may be al-
st arbitrarily large. We see from (2.2.3) and (2.2.4) that I'(x) may be
sarly equal to 1, without "xk—z" being small, when “[J(x)]_lﬂ and/or the
yrm of the second derivative is large relative to 1. Therefore, it is de-
‘rable to use both criteria (2.4.1) and (2.4.2) in an algorithm for solving
ynlinear systems, although one should realize that this is also not enough
y guarantee the required precision. In order to be sure, it is necessary
y know more about the behaviour of the function considered.

Finally, we should point out that scaling of the variables in such a
1y that each variable has about the same order of magnitude, is desirable
1en the usual norms are used (e.g. the euclidean or maximum-norm) in (2.4.1)

id (2.4.2) and when one wants to obtain the variables in about the same

-ecision.

, DESCRIPTION OF METHODS KNOWN

1. Newton's method and some of its modifications

The most commonly known method for solving nonlinear equations using
jalytical derivatives of the function is Newton's method (also called the
sthod of Newton-Raphson). This method is defined by (2.1.2). However, in
1is form, it has the disadvantage that the user has to supply analytical
:pressions for the elements of ‘the Jacobian matrix. This may be very dif-
icult or even impossible. To remove this difficulty one can approximate
1e elements of the Jacobian matrix with difference formulas. Methods ob-
sined in this way are sometimes called discretized Newton methods and they
re included in the class of Newton-like methods which are defined by (2.1.3).
swever, the approximation of the Jacobian matrix with difference formulas
equires, even in its simplest form, at least n extra function evaluations

n denotes the number of variables). This appears to be inefficient, as
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111 be shown from the experimental results. A second disadvantage of using
iscretized Newton methods is that they are sometimes very sensitive to the
cep size used. In fact, this step size should be balanced in such a way
1at the truncation error and the error due to cancellation of significant
lgits by subtracting two almost equal function values have the same order
* magnitude. However, the truncation error depends on the norm of the sec-
id derivative tensor which is usually not available. '

A second disadvantage of Newton's method, which is in fact shared with
l1 Newton-like methods, is the possibility of divergence in cases that the

icobian matrix is (nearly) singular for some x, . There is a simple strategy

K
)r avoiding an unstable behaviour when the Jacobian is only nearly singular.
11s is by using step size control. Instead of formula (2.1.2) the itera-

lon is then defined by
b 1.1) 3 = x - w(x)IE)TTFE),

1ere the scalar w(x) determines the step length and is chosen, for in-

:ance, such that the method is norm-reducing in the sense that:
1.1.2)  IF@GE)I < IF@E).

strategy which can also deal with singular Jacobian matrices was origin-—

.1y given by LEVENBERG [33] and MARQUARDT [35]. It can be defined by:
- T -1
3.1.3) op(x) = x - [Jx) + A(x)J (x)] F(x),

iere A(x) = 0 is chosen such that J(x) + AJT(X) is nonsingular and mostly
ich that (3.1.2) is satisfied.

A very elegant method for avoiding the problems of a singular Jacobian
itrix is the use of the Moore-Penrose pseudo-inverse. Here the iteration

; defined by
1.4 b)) = x - [JE) 1R,

+ . .
iere A denotes the pseudo-inverse of the matrix A.
One should note that for all these methods, the solution of a linear

rstem is needed or even the calculation of the pseudo-inverse. Since the




3

mber of arithmetical operations needed for such calculations is of order
cubed, it may be inefficient for large n.

In order to give a theoretical analysis of the given methods, one
ould realize that they are all Newton-like methods, even the one given by
.1.4) if the Jacobian matrix is assumed to be nonsingular. Therefore, the
eory in section 2 can be applied. For a detailed analysis see BOGGS &
NNIS [1], BUS [14] or ORTEGA & RHEINBOLDT [40].

2. Generalized secant and related methods

The secant method for solving the equation
f(t) =0e R, t e R,

ich can be defined by

e op - Ee) (5 ) ’
k+1 k f(tk) - f(tk_])

n be extended to n dimensions. Then we calculate the next iterate as the
tersection of n hyperplanes which interpolate F(x) at given points in a
ighbourhood of x (see ORTEGA & RHEINBOLDT [401]).

This method can be formulated as a Newton-like method in the following

1 n .
let x, x ,...,X be given;

.2.1) H = [x—x],...,x-xn]
i

be the matrix with columns x - x, i = 1,...,n; then

.2.2) V(x) = x - [M(x,H)]"!

F(x),
where

.2.3) M(x,H) = [F(x+He ) - F(x).,...,F(x+Hen) - F(x)]H‘1

is an approximation to J(x). (Here e; denotes the i-th unit-

vector.)
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wiously, this method requires the solution of a linear system in every
:eration step. In order to avoid this we can use [M(x,H)]_l, or rather the
‘iangularized form of M(x,H), in a certain number of subsequent iteration
:eps. Such a modified generalized secant method can be defined by the super-

‘eration (SCHWETLICK [47]):

let x,x],...,xn be given,
let moreover H and M(x,H) be defined by (3.2.1) and (3.2.3)
respectively
then
set v(o)(x) = X3}

for k = 0,1,...,u compute
2.6y vED Gy = y® gy - e, m 1T R )
L2.5) e = v D,

where u is some fixed value which should depend on the order of

convergence of the iteration.

v call this a super~iteration, since u + | modified iteration steps are
kken together asone step. Another useful modification of the generalized
cant method is proposed by GRAGG & STEWART [28]. In their method the or-
iogonal decomposition of the subsequent matrices M(x,H) is used. The ad-
mtage is that, once this orthogonal decomposition is calculated, which
\quires 0(n3) arithmetical operations, only O(nz) arithmetical operations
‘e required to obtain the orthogonal decomposition of the matrix used in
le next step.

With the formulations (3.2.2) and (3.2.5) we may agsin use the analy-
.s of Newton-like method to obtain results about the convergence behaviour.
wever, the error in M(x,H) as an approximation to J(x) (in (3.2.2)) or
jv(k)(x)) (in (3.2.5)) is the most important problem here (note that H is

ngular when x -e,X are linearly dependent). For further results about

1”7
le stability and convergence of these methods, see GRAGG & STEWART [28],

.TEGA & RHEINBOLDT [40] and ROBINSON [46].




3. Quasi-Newton methods

One of the most remarkable Newton-like algorithms is the so-called
asi-Newton algorithm (DAVIDON [18], BROYDEN [7], [8], POWELL [44]).
. this algorithm the Jacobian matrix or its inverse is approximated by a
trix which is updated in each iteration step with the information gained

far about the function. The algorithm can be defined by:

.3.1) P(x) = x - Q(X)F(x),

QW (x)) = Q(x) + U(x,y(x),F(x),F(W(x)),Q(x))
.3.2) V(x) = x - [P)]1'F),

P(p(x)) = P(x) + U(x,¥(x),F(x),F(Y(x)),P(x)).

e updating of the matrices Q and P requires no additional function evalu-
ions. Clearly, the formulation given by (3.3.2) requires the solution of
linear system. So in this formulation the number of arithmetical opera-
ons needed per iteration step is proportional to n cubed. Therefore, at
ast from a theoretical point of view, formulation (3.3.1) is preferable
nce the number of arithmetical operations needed per iteration step is
ly proportional to n squared. We can use the same analysis as for Newton-
ke algorithms (see BUS [14]) to obtain results about the convergence be-
viour of formulation (3.3.2) and in a slightly modified way also of for-
lation (3.3.1). However, proving reasonable bounds for the errors in Q(x)
d P(x) as approximations to [J(X)]_1 and J(x) respectively, appears to

a hard problem. An analysis of quasi-Newton methods is given by BROYDEN
] and DENNIS & MORE [20],[21].

4. Methods of component-wise approximation
These methods can be defined by the following formula (see also ORTEGA

RHEINBOLDT [401]):

4y x(D gD (i-1) (1)

x(n))
ot )17 Xl oK e >
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1ere x, = (xél),...,xén))T e R® and g

(i
k+1
5 used as soon as it is available. The choice of 85 is usually based on ex-

(1)

: R > R fori=1,...,n.

sance, a new approximation x to the j-th component of the solution vector

anding the function into a Taylor series at the point

(1) (i-1) (1) (n).T
Q1?2 Fpar X e X )

tamples of such methods are the Gauss-Seidel algorithm and successive over-

slaxation methods (see ORTEGA & RHEINBOLDT [40], section 7.4).°

and neglecting second and higher order terms.

A remarkable algorithm which we will also incorporate in this class 1is
iven by BROWN [2]. This method is based on expanding a component, say
(i)(x), of the function F(x) = (F(l)(x),...,F(n)(x))T into a Taylor series.
sglecting second and higher order terms, we obtain a linear ap5¥;ximation
xJ

1ich is equated to zero and solved for one of the variables, say.

ibsequently, another function compecnent is expanded into a Taylor series
5 a function of the remaining n - 1 variables (x(j) is substituted) and
juated to zero again. After n such steps we obtain a new approximation to
1e solution vector. For a detailed description see BROWN [2]. He also gives
jeoretical justifications for his method and some results about the con-
argence behaviour. For further theoretical results about methods of compon-

1t-wise approximation see ORTEGA & RHEINBOLDT [40].

5. Contirnuation methods

The continuation methods (DAVIDENKO [17], BROYDEN [8], MEYER [36] and
TEGA & RHEINBOLDT [40]) have a rather special place among the methods for
>lving systems of nonlinear equations, because, in fact, the problem is
ransformed into a sequence of problems of the form (1.3) which might be
isier to solve than the original problem. Let the problem [F(x) = O;xO;D]

:f. (1.4)) be given. Then this problem is replaced by the sequence of

coblems
3.5.1) Pk: [G(x,ek) = O;Zk_l;D], k=1,...,m,
lere z, = X and 2, is a solution of Pk’ k =1,...,m. Furthermore,

G(x,em) = F(x)




i a solution of G(x,6.)
ROYDEN [8], MEYER [36])

F(x)

.5.2) G(x,6,)

(x-x

1

.5.3) G(x,0,) 0

ere 0 = GO < 61 < L. <

nove the difficulty of c

e designed to be robust
Obviously, we can use

e subproblems P k=1,

k’
6. Additional remarks

In practice, it appea
hms according to the the
ocedures known use mixtu
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2. Programs written in ALGOL 60

JGRAM A

is program, written by Kok (see also NUMAL [39], section 5.1) is based
Newton's algorithm (see section 3.1). We supplied analytical deriva-
7es. No step size control is performed. There are no method dependent
atrol parameters in this program. In each iteration step one evaluation
the function, one evaluation of the Jacobian matrix and the solution

a linear system have to be performed.

JGRAM B

is program, written by Kok, is based on Newton's algorithm with step size
atrol (cf. (3.1.1)). We supplied analytical derivatives. In this algor-
m, w(x) is chosen by successively trying the values Z—k for k = 0,1,2,...
.,u-l, where the upper bound u should be supplied by the user. In fact,

¢) = Z—r, where r = 0 if
IF(x-s)Il < IF(x)I
1erwise, r is the minimum of u and the smallest value of k such that

17 (x=2"%s)I < 1P (x)I

1Fx-2"® Doyt > 1px-2"%s)l,

-1 . e e .
wre s = [J(x)] F(x). In this program an error exit is incorporated when
t subsequent iteration steps the value of w(x) is chosen to be 27", The
.ue of the integer t should also be given by the user. We chose u and t

1 [6] and Zn [7] in the program given in the appendix) as follows:

other method dependent control parameters have to be set by the user.
In each iteration step one evaluation of the Jacobian matrix and the

ution of a linear system have to be performed. The number of function

luations in an iteration step depends on the value of r in that step.

r = 0, then one evaluation of the function is performed, otherwise




+ 2 evaluations of the function are performed.

R0GRAM C

11s program is the same as program A, except for the e
acobian matrix, which is done by approximating it with
>rmulas with step size equal to 10_4"x|| + ]0_4, where
imment vector. There is no difference in the source tex
and C since the user has to program the evaluation of
atrix. In each iteration step n + | evaluations of the

>lution of a linear system have to be performed.

ROGRAM D

11s program is the same as program B, except for the e
acobian matrix, which is done by approximating it with
>rmulas with step size equal to 10_4ﬂxll + 10_4. As fo
ad C there is no difference between the source texts o
1d D. In each iteration step a linear system has to be
I function evaluations in a certain iteration step dep

I r (see program B). If r = 0 then n + | otherwise r +

I the function have to be performed.

ROGRAM E

1e Newton-like algorithm as given by PANKIEWICZ [41].
1e same as algorithm C except for the choice of the st
proximate the Jacobian matrix with forward difference
cep size should be given initially by the user and it
.1 in every step. Since choosing the step size too sma
ingularity of the approximation to the Jacobian matrix
lvise of PANKIEWICZ [41] to use the given procedure re
3 is required, we incorporated a procedure for solving
irthermore we changed some minor details concerning er

1at it became more convenient for our test programs.
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ROGRAM F

his is a program given by SCHWETLICK [47], which is based on the modified
eneralized secant algorithm given by (3.2.5). In order to be able to

eal with zero vectors, we incorporated in our program stopping criterion

2.4.2) and replaced the statements:

g:= ylk] x eps

nd
if abs(h) > abs(eps) x abs(g)

y
g:= ylk] x eps + eps x eps

nd

if abs (k) > abs(epsxg) + abs(eps)

e chose eps = 0.0001. This value is used as a step length to obtain the
atrices H and M(x,H), (in fact x1 is chosen to be x + eps X ei, where

1 denotes the i-th unit vector). Furthermore the value of pivot is
hosen equal to the precision of computation (s 10_14). This value is
sed to check whether or not the matrix H (cf.(3.2.1)) is singular.

n each (super-) iteration step of this algorithm the solution of a
inear system is required and at least n + 1 (cf.(3.2.5)) evaluations

f the function have to be performed.

ROGRAM G

his program, given by DULLEY & PITTEWAY [22], is based on the generalized
ecant algorithm (formula (3.2.2)). As is required, we incorporate a
rocedure for solving linear equations (Bus, NUMAL [37], section
.1.1.1.1.1.3). The value of the control parameter initstep, which is

sed as a step length in the same way as eps is used in program F, is

hosen equal to 0.0001.
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n each iteration step of this algorithm the solution of a linear system

s required and one evaluation of the function is required.

e tested two versions:

rogram Ga: the program given by DULLEY & PITTEWAY [22] with the minor
changes described above;

rogram Gb: the same program but with the change incorporated, which is
proposed by VANDERGRAFT & MESTENYI [48].

'ROGRAM H

his program is given by BROYDEN [8] (procedure nonlina) and is based on
he quasi-Newton algorithm defined by (3.3.1). Initially, an approximation
o the inverse Jacobian matrix is obtained by using the updating formula
ith fixed steps along the coordinate axis. We like to point out here that

3 multiplications, while normal inversion of a forward

3

his requires 3n
lifference approximation to the Jacobian matrix would only require n
wmltiplications (neglecting lower order terms). So it seems to be rather
nefficient to use the method in the form proposed by Broyden.

n the source text that we used, we chose the step size in the initializing
hase relative to the value of the arguments:

I xil x 1076 * 10-10

le used a version which is converted for use with the software library
UMAL [39].

fter the rather expensive initializing phase the number of arithmetical
perations per iteration step is only proportional to n squared.
'urthermore n + 1 evaluations of the function have to be performed in the

nitializing phase and one in each iteration step.

ROGRAM 1

his program is based on the method of component-wise approximation given
y BROWN [2] (see also section 3.4). The source text that we use is al-
‘eady adapted to our software library NUMAL [39]. Apart from some details,
uch as adding absolute tolerances where only relative tolerances were

sed, it is equivalent to the source text given by BROWN [2].




. this program, difference approximations to the elements of the Jacobia
itrix are made with a step size equal to 0.001. Furthermore, instead of
pplying some procedure for calculating the vector function F(x), one
ould supply a procedure that calculates the i-th component of this vec-
r F(x), for given i (1<i<n).

rthermore it is advised to define the function in such a way that its
near components come first.

.e number of multiplications needed per iterative step is 0.25 n4, where
wer order terms are neglected, and the number of function-component
aluations equals (n2+3n)/2 in each step. For a more up to date im-

ementation of this method see program O.

3. Programs written in FORTRAN

OGRAM J

is is the program, based on Newton's method, which is available in the
L [37] software library as routine NEWI. The Jacobian matrix is approxi-
ted with forward difference formulas and there is a possibility of inco
rating step size control. The step size control is done in terms of a
action of the norm of the current solution vector. In fact, the step

ctor is multiplied repeatedly with the factor
min(E/(SZ/(Sl+0.00I))%, 1)

til (3.1.2) is satisfied. Here S2 denotes the norm of the current solu-
on vector squared, Sl is the norm of the step vector squared and E is

2 so-called maximum fractional change allowed. When E is chosen large
ough, no step size control is done.

was suggested in the manual, we changed the statement

RATIO

SQRT(S2/S1)

RATIO

SQRT(S2/S1+0.001),

order to be able to deal with the zero vector as initial guess.
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ram for two values of E:
'100’ so that no step size control can occur;
18, a value suggested in the manual, such that step

ontrol should work as well as possible.

he solution of a linear system is required in each
‘thermore, without step size control, n + 1 eyaluations
‘e to be performed in each iteration step, with step
umber may be more.

this program is not given in the appendix since it is

ation.

en by GRAGG & STEWART [28], and is based on the
algorithm. The matrices appearing are kept as products
ces (see section 3.2). We made two changes to the
m by Gragg and Stéwart. The first one is on line 3000
hich reads in our program : MCEPS = 1.E-14 since
mputation on the computer used is about that value.
he correction of a small programming error on line
SSM which should read : OUTBND = NN + 3.

feature to deal directly with linear function compo-
se this feature for the general tests.
vide n + | starting guesses of the solution vector.

ms only one initial guess is given we generate them

llows:
(0) _
o T %
(k) _ (k) -
X 0= XO + se , k=1, , N

k)

e given initial guess, X 0 the k-th starting guess
k) the k—-th unit-vector and s some fixed value. We do,
WO programs:

53

001.




r both programs, Householder orthogonalisation of two n-th order matri-
s (see WILXINSON [50]) is necessary initially, which requires 8n3/3
ithmetical operations (neglecting lower order terms).The iteration

eps require only O(nz) arithmetical operations. The number of function
aluations needed per step may vary from 1 up to n. We do not give the
urce text that we used, since it is fully given by Gragg and Stewart,

art from the two small corrections mentioned above.

OGRAM L

is program, which is available in the MSL [37] software library is based

. the generalized secant algorithm given in section 3.2 (formula (3.2.2)).
in program K, the user has to provide n + | starting guesses, which are

osen according to formula (4.3.1) with s = 0.5.

1 each iteration step the solution of one or two linear systems is re-

1ired.(There is a recovery scheme in cases the matrix appears to be

ingular.) In each iteration only one evaluation of the function is per-

>rmed. The source text of this program is not free for publication.

\OGRAM M

\is program, which is available in the MSL [37] software library is based
. the quasi-Newton algorithm defined by (3.3.2). In each iteration step
le solution of a linear system and one evaluation of the function has to

. performed. The source text is not available for publication.

\OGRAM N

\is program is given by POWELL [44] and is basically an implementation

‘ a quasi-Newton method as defined by (3.3.1). A version of this program
; also available in the NAG [38] software library. Here, this method

; combined with the steepest descent method for minimizing IF(x)l and

.th Newton's method with forward difference approximations to the

icobian matrix. Initially, and in some iteration steps, the approximation
y the inverse Jacobian matrix is (re-)set by inverting the forward dif-
srence approximation to the Jacobian matrix. Hence, initially and in

yme iteration steps, the number of arithmetical operations is O(n3) (ne-

. . s . 2
lecting lower order terms). In all other steps it is proportional to n .
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'he number of function evaluations needed in a particular step depends on
that kind of step it is.

'he value of the control parameter DMAX is chosen to be equal to 10.

MAX controls the changes in the variables and is used in an error condi-
:ion. For the control parameter DSTEP we tested two values:

'rogram Na: DSTEP = 10_4 ;

'rogram Nb: DSTEP = 10_7 .

JISTEP is used as a step size for the forward difference approximation, but
1lso for controlling the updating of the approximation to the Jacobian ma-
:rix. We used the source text given by Powell except for the change of
.ine 0092 where the call of subroutine MBOIB for solving a linear system
.s replaced by a call of the subroutine INVERS from the MSL [37] software

Aibrary.

'ROGRAM O

'his program is obtained from the University Computer Center of the Uni-

rersity of Minnesota and is based on the method of component-wise approxi-

ation of BROWN [4]. A FORTRAN-version of this agorithm which is the same

.s we used is available in the IMSL [32] software library.

'he program has the same properties as program I. In the program the value

‘or the step length to calculate the forward difference approximations to
8

he elements of the Jacobian matrix has been given the value 10 .

le tested the program for two different values for the step length:
4

'rogram Ob: steplength 10_8.

'rogram Oa: steplength 10”

'urthermore we used an absolute tolerance value in the stopping criterion

n order to be able to solve problems with the zero-vector as a solution.

4. General remarks about the programs selected.

Although it is desirable that both stopping criteria (2.4.1) and
(2.4.2) are used in a program for solving systems of nonlinear equations,
ilmost none of the programs given in this section meets these require-
nents In our opinion it is not too hard to incorporate these criteria.
lowever, we did not do so for testing, partly to reduce the possibility

>f making errors, partly because different norms are induced by the
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ams, so that they would not be equivalent after all.

we give in table 4.1 the work that has to be done by the
ams in the initializing phase, Ai say, as well as per ite-
AS say. In fact, we give the number of multiplications neede
lizing phase and per iteration step. Since, these numbers
depend on the number of variables n, we denote Ai and As as
n and only give the highest order term.
he highest order term is of order nz, we neglect all.

’ AS denotes the work per super-iteration and for program L,

t one linear system is solved per iteration step.
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. CLASSIFICATION OF PROBLEMS AND SELECTION OF TESTPROBLEMS

.1. Classification of problems

We consider the class ¥ of all problems of the form (1.4). When we
easure the efficiency of a program for solving some problem from class V¥
e may distinguish the following three characteristics which iqfluence
his efficiency.

. The degree of difficulty for solving.

. The number of variables of the problem.

. The computational effort of an evaluation of the function, i.e. the
number of basic arithmetical operations needed to evaluate the function.

efore defining precisely these characteristics we like to point out why

he first characteristic is important. It is obvious that it is desirable

o know in advance whether a problem is easily solvable or not. However,

he degree of difficulty also depends on the method used and, in practice,

t is very hard, or even impossible, to measure it before solving the

roblem. Hence, a classification according to this characteristic will,

n general, not be very helpful to the user. However, it is extremely im-

ortant for comparing the efficiency of the various programs. Since none

f the programs for solving nonlinear systems is such that it solves all

roblems from class ¥ we have to take into account that the programs

ested fail sometimes. Therefore we have to decide whether a failure is
ue to a difficultly solvable problem or to bad programming of the method.

f the problem appears to be difficultly solvable then it makes no sense
o draw from this failure the conclusion that the program is inefficient,
or then all programs will appear to be inefficient. Clearly, we need a
recise definition of the notions easily solvable and difficultly solv-
ble. Although several definitions are possible we choose one which is
ased on the fact that all methods considered in this report can be de-
ined as Newton-like methods in some way or another, and which appears to
e convenient. In fact, we use as a model-method the Newton-like method
efined by (2.1.3), where M(xk) is calculated with forward difference ap-
roximations. For this method we can compute an upper bound for the error
n M(x) as an approximation to J(x), by calculating the second derivative

nd using the mean value theorem. Hence, for this method we can calculate




1 upper bound for the number I' (cf.(2.2.7)) of a certain problem. (For
>re details and an example see BUS [14].) When this upper bound appears
> be less than 1, then, obviously, the problem is easy to solve by this
swton-like method. However, we do not use this number 1 so rigorously,
:cause we made a lot of choices and sometimes, crude estimates. There-—

>re, we end up with the definition:

SFINITION 5.1.1

problem is easily solvable when the number T', given by (2.2.7), for thi
oblem and for Newton's method with forward difference approximations to
te Jacobian matrix, has an order of magnitude about 1 or less.

‘herwise the problem is difficultly solvable.

We will denote the class of easily solvable and difficultly solvabl
‘oblems with superscripts e and d respectively. So ¥® denotes the class
" easily solvable problems, Wd the class of difficultly solvable problem

As far as classification according to the number of variables is
ncerned, we distinguish between small and large problems, where the
oice of the bound, n = 15, is a matter of practical experience.

The last classification quantity is induced by the fact that for
st programs tested the number of basic arithmetical operations needed
perform one iteration step is not neglectable relative to the number
arithmetical operations needed to evaluate the function when the func-
on is not too complicated. Therefore, neither the number of function-
aluations, nor the number of iteration steps is a good measure for the
ficiency of the programs. We should use a combination of these two
antities, which depends on the expensiveness of the function. For small
oblems we use only a distinction between cheap and expensive functions
ere it is mainly a matter of feeling how to classify a certain problem.
r large problems, however, we can relate this quantity to the number of
riables n. When we express the number of arithmetical operations needed
evaluate a function as a polynomial in n and we assume that an® is its
ading term, where £ is some integer, usually equal to 1,2,3 or 4 and

is some real, then we distinguish between:
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very cheap problems : B =1,
cheap problems : B =2,
expensive problems : B =3,
very expensive problems : B > 4,

ombining this with classification according to the size we obtain the

ollowing classification of problems in the class ¥€ of easily solvable

roblems:
Wsl : small (n<15), cheap and easily solvable problems;
sz : small (n<15), expensive and easily solvable problems;
Wzl : large (n>15), very cheap (B=1) and easily solvable problems;
WEZ : large (n>15), cheap (B=2) and easily solvable problems;
W:B : large (n>15), expensive (B=3) and easily solvable problems;
Wza : large (n>15), very expensive (B24) and easily solvable

problems.

e obtain analogously for the subclass Wd of difficultly solvable problems

he classes:

d d 4 .d .4 _..4
s1° Ygp0 Y10 Yoo ¥gg and ¥ .

.2 Definition of testproblems

We have chosen a number of testfunctions known from literature.
ost of them are used with several initial guesses, since it depends
ighly on the choice of the initial guess, whether a problem is easily

olvable or not.

.2.1 (BROWN [3]).

n .
- (n+l1) + X, + 2 xj, i=2,...,n;

Fi(x)

F (%)

]
i
+
pun |
]




Initial guess: x; = 0.5, i = l,...,n.
Order ¢ n =2, 3,5, 10, 15 and 25.
Solutions I 1 (i =1,...,n);
for instance for n = 5, approximately:

x = (-0.579, -0.579, =0.579, -0.579, 8.90)-.

marks: All function components are linear except for the first on

2.2 (BROWN [3]).

F](x) = x2 - X

1~ X - b
(X] - 2)2 + (x2 - 0.5)2 -1,

Initial guess: 0. (0.1, 2)T,

1. (2, 0.5)T,
2. (-1, 1.5)7,
3. (1, 0.99)T .

]

F,(x)

Solutions  : (1.54634288, 1.39117631)7,
(1.06734609, 0.139227667)T,

approximately.

2.3 (FREUDENSTEIN & ROTH [26], BROWN [3])

F](x) = - 13 + X, + ((—x2 + 5)x2 - 2)x2,
FZ(X) = - 29 + X, + ((x2 + l)x2 - 14)x2.

Initial guess: 0. (15, —Z)T,
(=5, 07,
2. (-5, 37,
3. (0, 2.24)7,

Solution ¢ (5, 4)T.

2.4 (CARNAHAN, LUTHER & WILKES [15], BROWN & CONTE [5])

Fl(x) = 0.5 sin (X]XZ) - x2/(4w) - x1/2,

FZ(X) (1 = 1/(47m)) (exp(2x]) - e) + exz/ﬂ - 2ex

P




Initial guess: 0. (0.6, 3)T,
1. (0.4, 3)T.

Solutions . (0.5, N)Ta
(0.2994487,2.836928) T, approximat
(1.604571, -13.36290)T, approximat

2.5 (BROWN & CONTE [5])

FI(X) = 3x1 + %, + 2x§ - 3,

Fz(x) = --3xl + Sx2 + 2x1x3 -1,

F3(x) = 25x1x2 + 20x3 + 12,

Initial guess: (0, O, O)T,

Solutions : (0.2900523, 0.6874306, -0.8492385

(1.1, -0.8, OBS)T, approximately.

2.6 (BROWN [3])

Fl(x) = x2 - 2%, + 1,

|
»
+
N
»

I
W

FZ(X) =

Initial guess: 0. (0, 1),
1. (-0.5, T,
T
2. (1, -0.5)7T,
3. (1, -0.26)T,
Solutions (1, l)T,
(-1.402680, 1.483683)", approxima

2.7 (POWELL [44])

Fx(x) = IOOOOX]x2 -1,

Fz(x) = exp(—x]) + exp(—xz) - 1.0001.

Initial guess: 0. (O, l)T,
. (0, -n=k.

Solution : (1,09810—5, 9u106)T, approximatel

smark: This problem is badly scaled.
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5.2.8 (POWELL [44])

Fl(x) X, - 1,
Fz(x) = XX, -

Initial guess:

Solution

.2.9 (BROYDEN [8])

Fl(x) = 10(x2

FZ(X) =] - .

Initial guess:

Solution

'.2.10 (BROYDEN [8])

0. (-1, 2)T,
1. (-1, -2)T,

T
2. (0.01, 0)".
(1, nr.

- D)

0. (-1.2, 1.0)".
(1, 1

Fl(x) = 2(x, - 1) = 400x,(x, - x2),

FZ(X) 200(x2

Initial guess:
Solution

.2.11 (POWELL [44])

F](x) X5

- x%).

0. (-1.2, 1.0)7,
1. (-1, DT,
(1, nt.

2
Fz(x) = 10x1/(x1 + 0.1) + 2x2.

Initial guess:

Solution

0. (3, nT,
., nT,

2. (-1, nT, -
3. (-0.9, 0.24)
0, 0T,

=




.2.12 (POWELL [43])
F](x) = 2(x1 + lez) + 40
Fz(x) = 20(x1 + 10x2) + 4
F3(x) = 1O(x3 - x4) - 8(x
F4(x) = —10(x3 - x4) - 40

Initial guess: (3, -1, O

Solution (o, 0, 0O,

omark: The Jacobian matrix has

.2.13 (DEIST & SEFOR [19])

6
Fi = '2 cot (Bixj), i

j=1

i
where B] = 0.02249, 82 =
64 = 0.02000, 85 =
Initial guess: X, = 75.0
Solution (121.850,
41.3219,

.2.14 (FLETCHER [24])

Chebyquad, a function def

LETCHER [24]:

2, 3, 4, 5, 6,
Initial guess: X, = i/(n
For reasons of brevity we

Order: n =

.2.15 (GHERI & MANCINO [27])
- . _ DY
Fi = ani + (i 2) +
t a
J.Z][zij(51n (ln(zij))

ifi

i
where z.. = Vx. + /.,

rank t

the solution.

.02083,
.01835.

62.3186,

imately.

60 program given b

ST

. vectors.

. i=1,...n,




Order : n = 10, 20, 30, 50.
™ . = - o+K
Initial guess: X F(0) (2cK)

where
K=8n+ (¢ + 1)(n - 1) and
c=pfn - (a+ 1)(n-1).
We distinguished between the following cases:

0.  w=s, 8= 14, Yy =3
1. (!=4, B = 7’ Y=];
2, a =17, B =17 , Yy =4 .

A solution for n 50 of case a is given by GHERI & MANCINO [27].

5.2.16 (FLETCHER & POWELL [25])

F(x) = e = (As(x) + Be(x)),
where A and B are n x n matrices, whose elements are generated as
random integers between -100 and +100, s(x) and c(x) are n-vectors

such that:
s(x)

c(x)

. *
e is a vector, calculated as follows. Let x be a vector, whose elements

(sin(x]), sin(xz),..., sin(xn))T and

(cos(x]), cos(xz),..., cos(xn))T.

are generated as random numbers between -7 and +m, then
* *
e = As(x ) + Be(x).
Order ¢ n =10, 20, 30, 40.
Initial guess : x* + 0.0l 8§, where the elements of § are random
numbers between -m and +m and X as used for
calculating e.

. * .
Solution ¢ X , as used for calculating e.

5.2.17 (BROYDEN [11])

_ 2 _ 2
F;(x) = (kg + kx{)x, + |1 k3j§1 (xj + xJ.),
i

vhere Ii = {k ] k # 1, max(l,i—rl)SkS min(n,i+r2)}

ind rl, r2, kl, k2 and k3 are given integers.
Order: n = 20, 30.
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Initial guess: x; = -1, 1 =1,2,...,n.

We distinguish between the following cases:

0. r1=3, r2=3, kl=1, k2=1, k3=1;
l. r1t=5, r2=1, kl=1, k2=1, k3=1;
2. r1=5, r2=5, kl=2, k2=1, k3=1;
3. r1=3, r2=2, kl=3, k2=2, k3=1;
4, rl =4, 12 =24 kl=2, k2=5, k3 =1 .

For reasons of brevity we do not give the solution vectors.

ymark: The Jacobian matrix of this function is a band matrix with lower

band width rl and upper band width r2.

2.18 (BROYDEN [11])

Fi(x) = (3 - kxi)xi + 1 = X1~ 2xi+] ,
i1i=2,...,0"1,

Fl(x) = (3 - kxl)x] + 1 - 2x2 5

Fn(x) = (3 - kxn)xn + 1 - X >

where k is a given integer.

Order: n=25, 10, 20, 30, 40.

Initial guess: x, = -1, 1= 1, 2,...,n.

1

We distinguish between the following cases:

0. k=0.1,
1. k=20.5,
2. k=2.0.

For reasons of brevity we do not give the solution vectors.

lemark: The Jacobian matrix of this function is a tridiagonal matrix.

In the sequel we will denote a given testfunction by a triple
>,n,c), where p denotes the last number of the subsection in which it
5 defined (1 up to 18), n the number of variables (i.e. the order of
1e problem) and c the starting point or case. For instance, testfunction
18,20,1) denotes the testfunction given in 5.2.18, with order 20 and
or k = 0.5 .




Classification of testproblems

Je classify our testproblems according to the sa

in section 5.1. However, the data that we deriv

experience (the number of function-evaluations

) is independent of the expensiveness of the fun

: have to distinguish between cheap and expensiv

only be necessary if we use computation time as

:ain four sets of testfunctions.

Set TC :
s

e
Set Tl :

Set Td :
s

d
Set T2 :

(13230) 3 (2’230) 3 (2’2’2) b
(4,2,0) , (4,2,1) , (6,2,1) ,

(8,2,0) ,

(15,10,k) , k

(18,n,k)

(15,n,k)
(17,n,k)
(18,n,k)
(18,40,k)

(1,n,0) ,
(2,2,1) ,
(3,2,c) ,
(5,3,0) ,
(6,2,c) ,
(7,2,c) ,
(8,2,c) ,
9,2,0) ,
(10,2,c),
(11,2,¢),
(12,4,0)

(14,n,0)

(16,10,0)

(1,n,0)
(16,n,0)
(18,40,0)

3

H

5

5

0,1,2 ,
5,10 and k = 0,1,2 .

n= 20,30,50 and k = 0,1,2
n= 20,30 and k = 0,1,2,3,¢
= 20,30 and k = 0,1,2 ,

= 1,2 .
n=3,5,10 ,
(2,2,3) ,
c=0,1,2,3,
c=20,2,
c=0,1,
c=1,2 4
c=0,1,
c=0,1,2,3,
(13,6,0) ,

n=2,3;4,5,6,7,9 ,
n= 15,25,
n = 20,30,40 ,

es as
L our p
eratio
Hence
lems.,

sure.




Although all problems of sets T: and T: are easily solvable in the
ense of definition 5.1.1., it is not certain that all problems of sets
2 and Tg are difficultly solvable since we calculated rather crude uppe
ounds for the number I' (cf.(2.2.7)) and it may be possible that T is
mall enough although we could not prove it. However, the given distinc-—
ion is sufficient for our purpose.

e use TS as a test set for the classes of functions Wzl and W:é, T: for
e e e
217 "22% 23
d d d d

g1° Ygo0 ¥g3 and ¥y,

'urthermore, Tz and T; are used for testing the efficiency, while T: and

e d d d d
and W24, and analogously TS for wsl and Y c2° and TZ for

, are used for testing the reliability.

'« RULES FOR USERS

In this section, we give some rules of thumb for the non-specialis
ser of algorithms for solving systems of nonlinear equations. In fact,
'e summarize the results of the preceding sections, in such a way that t
ser is able to classify his problem. After that, it appears from the co

:lusions of section 8 which algorithm will most likely solve his problem

1. Information available

Theoretically, the use of numerical approximations to the Jacobian
atrix will always slow down convergence to the solution (see BUS [14]).
owever, in practice the use of forward difference approximations to the
:lements of the Jacobian matrix will usually give as good results as
wvaluation of the analytical expressions. In fact, it depends on the
moothness of the function and the choice of the step length in the for-
rard difference formula (see section 3.1).

If analytical expressions for the Jacobian matrix are available,
‘hen the user should compare the number of arithmetical operations re-
juired for evaluating the function and the number of arithmetical opera-
:ions required for evaluating the analytically given Jacobian matrix.

It depends highly on the ratio between these numbers, whether it i

fficient to use analytical expressions for the calculation of the
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Jacobian matrix. A final ruling on this point, based on experimental re-

sults, will be deferred to the conclusions in section 8.

6.2. The size of the problem

The number of variables, i.e. the order of the nonlinear system,
and the number of arithmetical operations required for evaluating the
function, defines the size of the problem. The user should decide in

which of the classes defined in section 5.1, his problem has to be placed.
6.3. Spectal features of the problem

It may be possible that the way in which the problem is formulated,
will give some preference for one algorithm above another.
Properties that should be noted are:

a. are some or most of the function components linear;

b. 1is the evaluation of one component of the function independent
of evaluation of the other components or has a lot of work to
be done for all components together.

Conclusions about the effect of these properties on the efficiency and

reliability of the algorithms are given in section 8.

6.4. Solvability of the problem

If the user can derive an upper bound for the value of T as de-
fined by (2.2.7), it may be considerably simplify the process of choosing
the right algorithm. If this number is less than | or its order of
magnitude is about 1, then he should choose the most efficient algorithm.
However, if the order of magnitude of the number I' is about 1/€ or more,
where € denotes the precision of computation, then he might prefer the
most reliable algorithm.

Unfortunately, for most practical problems, it is not possible to give a
reasonable estimate of the number I'. Since all algorithms may fail on se-
vere problems, the best we can advise is, once the problem is classified
according to the rules 6.1 up to 6.3, one should choose the most efficient

algorithm for this problem. If it fails in solving the problem, then
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. more reliable algorithm can be used subsequently.

.5. Secaling of the variables

In practice, it appears to be desirable to scale the variables
n such a way, that their order of magnitude is about the same (see sec-
ion 2.3).

.6. The stopping criteria and source text to be used

When one chooses a program according to the conclusions given in
ection 8, one should use the source text, which is given in appendix, or
ne can use the source text to which is referred.
owever, in the last case, one should incorporate the changes mentioned
n section 4. In either case the conclusions are based on the values for
he input parameters as given in section 4.
oncerning the stopping criteria, the user is advised to incorporate both

riteria (2.4.1) and (2.4.2) when it is not done already.

.7. Interpretation of results

The user should be cautious in interpreting his results. Nor a
small norm of the function, neither a small step length in the last
iteration step does necessarily imply a small error in the approximate
solution vector. Validation of such statements can be done only if an

sstimate of the value of T (cf.(2.2.7)) is known.

7. EVALUATION OF NUMERICAL EXPERIMENTS
7.1. The method of evaluation

7.1.1 Evaluation of the relative efficiency.

As is already pointed out in the introduction and in section 5.1,
ve use a set of easily solvable testproblems for comparing the efficiency
>f the various programs. In fact, we use the sets T: and T;, We say that
a program is reasonable if it solves all easily solvable testproblems.

Let p denote some easily solvable problem of the form (1.4). Let R

e some program for solving problems of the form (1.4) and let the number




»f iteration steps n_, the number of function evaluations ng and the number
»f evaluations of the Jacobian matrix no, which are needed for solving pro-
ylem p by program R, be obtained experimentally. Then, the total amount of
jork which has to be done by program R in order to solve problem p can be
lefined by:

(7.1.1.1) A(R,p)=Ai+nSxAS+n.F><AF+anAJ,

vhere Ai and As denotes the work done in the initializing phase and per
lteration step respectively (cf. section 4.4) and AF and AJ denote the
7ork needed to evaluate the function and its Jacobian, respectively.
ience, we say that program R is more efficient than program Q for solving

>roblem p if
A(R,p) < A(Q,p).

Vote that, for reasonable programs, we may assume that the numbers n_, ng
ind n, are finite, since p is easily solvable (compare section 5.1).
Clearly, formula (7.1.1.1) is not very useful for our purpose since
ve should solve the problem before we can compute A(R,p) and we like to
tnow the efficiency of a program for solving some problem before we do
ictually solve it, in order to be able to choose the most efficient pro-
yram. Therefore we will define the notion "expected relative efficiency".
.et ® be some class of easily solvable problems and suppose T is a repre-
sentative set of testproblems from the class ¢. Let, moreover, A be a
:lass of reasonable programs for solving problems from class ¢. Then we
)btain experimentally the number n_, n and n_ for all programs R ¢ A

F J
ind all problems p ¢ &. Therefore, we obtain

A(R,p) for all Re Aand p € o,

>rovided A,, A , A, and A_ are known.
1 s F :

J
fhen, the expected relative efficiency of program R € A, for solving a

>roblem of class ¢ is defined to be:
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7.1.1.2) E(R,A,T,) =% 7 E;{A(%EQ__)T’
) pET QGA sp

iere % denotes the number of testproblems in T. Obviously, there remains
1e problem of measuring Ai’ AS, AF and AJ. As we did before, we will ex-—
cess them in basic arithmetical operations (additions plus multiplications)

ee section 4.4).

ince AF and AJ are usually related, we express this relation by

°

7.1.1.3) A, = vA

J F

> will use only rough estimates for the quantities AF’ Ai and AS since
recise values are highly dependent on the way of programming. How we
stimate these values depends on the kind of problems that are involved.
> distinguish between the classes of easily solvable problems defined

1 section 5.1.

lass W: The quantities Ai’ AS and AF are all small for all programs and

e
11 problems in this class. Hence, the expected relative efficiency is
lways acceptable. Therefore, the approximated expected relative effi-

iencies of all programs for solving a problem of class Wzl are defined

> be equally high:

= e e
7.1.1.4) E(R,A,WSI,WSI) = c,

or all R ¢ A, where A is some set of reasonable programs, c is some value
etween 0 and 1 and the bar above E denotes that it is an approximated
alue. Note that the quantity in (7.1.1.4) does not depend on a set of
estproblems. In fact, only the reliablility of a program is important

f one wants to solve a problem of class Wzl,

lass Wz . For these problems we may neglect As and Ai relative to AF'

2
ence, we may approximate A(R,p) by:

re e
7.1.1.5) A (Ryp) = A(R,p) = (nF+anY) x AF’ for R e A and , € Voo




Je obtain:
_ e e 1 A(R,0)
(7.1.1.6)  ER,,T5,¥5)) = 5 b mmendaoey
pleTz QeA

Zlasses Wz], v and ¥¢ . For the problems we express AF as a func-

e
227 Y23 24
tion of the number of variables n and neglect lower order terms:-

(cf. section 5.1).

(7.1.1.7) B = anf,

for some integer B and real o. For the quantities Ai and As we use the

approximations given in table 4.1. Doing so we obtain for ¢ ¢ Tz :

(7.1.1.8) A(R,p) [nS/B + (nF+'ynJ)anB_3]n3, for R ¢ {A,B},

n8_3]n3, for R ¢ {C,D,E,F,G,J,L,M},

(7.1.1.9) A(R,p) [nS/S + an

F
g-3

(7.1.1.10) A(H,p) [3 + an_n Jn3,

F

n8—3]n3, for R ¢ {I,0},

(7.1.1.11)  A(R,p) [n n/4 + an

F
(7.1.1.12) A(K,p) = [8/3 + anFn8_3]n3,
(7.1.1.13) K(N,p) =[1 + n; + anFnB_3]n3,

7
vhere n denotes the number of iteration steps that the Jacobian matrix

is reset to the inverse of the forward difference approximation.
Jsing (7.1.1.8) up to (7.1.1.13) we obtain the approximate expected re-
lative efficiency similarly to (7.1.1.6), where the set of testproblems

1s chosen to be TZ'

7.1.2. Evaluation of the reliability

In order to obtain a measure for the reliability we use the set 74
of testfunctions. The reliability of a program is simply obtained by
counting the number of failures when solving problems of the testset.
Let ¢ be some class of difficultly solvable problems and let T be a re-

presentable set of testproblems from &, then the reliabilityofa programR




for solving a problem of class & is define

Z(R,T,0) = 1 x (number of prob

(7.1.2.1) 2

wvhere £ is the total number of testproblem

a. the reliability for small problems: Z(R
5. the reliability for large problems: Z(R

c. the reliability for all problems: Z(R,T

7.1.3. General remarks

All experiments reported in the next
CDC Cyber 73 computer, with precision of a
T'he values of the control parameters used
the programs are described. In the tables
(programs A and B) and n; (program N). The
that the euclidean norm of the function ve
We chose this threshold 107/ for the small
for the large testproblems (n > 15). The t
ilour of the various programs and on specia

reported in section 7.3.

7.2. Efficiency experiments

As is already mentioned in section 4
programs written in ALGOL 60 and those wri
of the ALGOL 60 programs for small and lar
tables 7.1 and 7.2, respectively, and thos
tables 7.3 and 7.4. Concerning programs I
that n evaluations of function components

the function vector, so that n_ is equal t

F
component evaluations divided by n. For pr
the number of linear systems solved instea
of this program two linear systems are sol

scheme. However, since the solution of a 1
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e T which are solved

successfully),

. We distinguish between:
)3
)

ons are carried out on a
tic of about 14 digits.
ported in section 4, where
‘e the numbers n_, N, n

J
the smallest numbers, so

s less than some threshold.
roblems (n < 15) and 10_6
; on the convergence behav-

ures of some programs is

distinguish between
n FORTRAN. The results
blems are listed in the
he FORTRAN programs in the
we assume that we may say
ual to one evaluation of
total number of function
L, we did in fact give
o In many iteration steps
cause of some recovery

system is the bulk of




TABLE

erimental results for small pr iy of set T:’

Probler B c )

Pl 0 s 's PR S B g g Oy
1 2 1 1 1 2 1 1 4 4
2 | 2 24 4 8 17 8 27 | 76 33
2|2 9 ) 8 13 8 8 25 26
4 | 2 4 4 4 5 4 4 13 13
4 | 2 5 5 3 9 3 5 16 15
6 | 2 6 5 5 10 5 6 19 20
8 | 2 2 2 2 3 2 2 7 7
15|10 3 3 3 4 3 3 34 34
15| 10 3 3 3 4 3 3 34 34
151 10 3 3 3 4 3 3 34 34
18| 5 3 3 3 4 3 3 19 19
18] 5 3 3 3 4 3 3 19 19
18| 5 4 4 4 5 4 4 25 25
18| 10 4 4 4 5 4 4 45 45
18| 10 4 4 4 5 4 4 45 45
18] 10 4 4 4 5 4 4 45 45




| M| "F g
4 3 6 2.5
6 12 15 15
5123 | 26 22.5
9 7 10 10
4 10 13 25
.0 10 13 20
5 3 6 2.5
5 4 15 19.5
5 4 15 19.5
5 4 15 19.5
2 6 12 12
2 6 12 16
5 9 15 16
'0 9 20 26
8 8 19 26
3| 9 20 26
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TABL

results for large problems o
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Tz and all programs in ALGOL 60

E F Ga Gb H I
g s | T fls e || % | B |TF | Ps| TF
64 1| 25 | 6 |27 |4 |25 | 4 |25] 3| 34.5
64 1 | 25 | 6 |27 |4 |25 | 4 |25 3| 34.5
64 1| 27 | 6 |27 |5|26 | 5 |26 3| 34.5
94 1 | 36 | 7 |38 |5 |36 | 5|3 | 3|49.5
94 1 | 36 | 6 |37 |4 |35 ] & |35]| 3]49.5
9% 1 | 37| 7 |38 |6 |37 ] 5|3 | 3|49.5
154 1 | s6 | 7 | 58 4|55 | 4 |s5| 3]|79.5
154 1 | s6 | 6 | 57 |4 |55 | 4 |s5| 3] 79.5
154 1 | s7 ] 7 | s8|5]56") 5 |s6| 3|79.5
64 2 | 71| 8 | 29 |8]20 | 6 |27 | 4| 46
85 2 | 71 | 19 | 40 |8 |20 | 7|28 4| 46
85 2 | 71| 8 | 20 |8 |20 | 7|28 4| 46
106 2| 73 | 15| 36 |14]35 | 13]3a]| 5| 57.5
106 ol 73| v | b |1l o | 13]3] s5/|57.5
94 1|76 | 7 |38 |7 (38 | 6|37 4] 66
125 1| 74 | 22 | 53 |9 s | 7|38 4| 66
125 2 | 10s| 9 | 40 |9 |40 | 8|39 4| 66
156 2 | 106 | 15 | 46 |14] 45 | 13| 44| 5| 82.5
156 2o | 1o6| 16| D |16 D | 13]4s]| 5| 82.5
106 2| 79 | 24 | 4513 | 34 | 11]32] 5| 5725
85 2| 71| 2 | 42P 930 | 8 |29] 4| se
85 2| 71l | 32 [ol31 | 8 |29] 4| 46
156 3 | ws| 12| 0 9| Db | 13/a]| 5| 825
125 2 | wos| 22 | 52342 | 8 39| 4| 6
125 2 | 105 | 11 | a2 [11]s2 | 8|39 4| 66
165 1 | 97 | 23 | 64 |12 53 | 9 |so| 4| 86
165 1|97 | 11| s2 |11 52| 84| 4| 86

norm of function only 510_6 ; &4)norm of function only 210—6
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TABI
;perime ; for small probler

| Problem Ka L

p |0 ¢ s i 'F s g

1 12 |0 1 4 20 | 24

2 2 0 8 18 2 D

2 12 |2 18 16 65 | 63

4 |2 |0 9 11 18 | 16

4 12 |1 10 12 4 D

6 | 2 |1 7 12 14 | 11
812 10 2 7 5 8
15|10 | O 5 18 8 15
15110 | 1 6 23 8 15
1510 | 2 5 24 10 | 16

18| 5 |0 6 |5 13 | 18
1815 |1 8 |5 13 | 18

18 5 |2 36 19 19 | 21
18110 |0 10 33 21 | 32
18110 |1 13 '8 17 | 30
18|10 | 2 61 30 23 | 33
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18

20

1 programs in FORT

Na Nb
s | "F s
7 10 7
11 14 11
11 15 i1
8 12 11
11 15 11
9 12 9
11 14 11
4 16 4
4 16 4
5 17 5
8 15 8
6 13 6
10 | 19 9
12 | 25 11
9 22 9
12 28 11

F F
2.5 5
15 15
22.5 22.5
10 10
45 33
20 20
2.5 5
13 19.5
19.5 19.5
19.5 19.5
12 12
12 12
16 16
26 26
26 26
26 26
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TABLE
Experimental results for large problems

Problem Ja Jb Ka Kb L

P n ¢ "s| F s | F "s | s | "F s | TF
15 120 | 0 3 | 64 3 64 5’ 27 4 | 38 8 25
15 | 20 | 1 3 | 64 5 106 7 31 4 | 44 8 25
15 | 20 | 2 3 | 64 4 85 6 30 5 |44 10 | 26
15 | 30 | O 3 | 94 3 94 5 38 5 |62 8 35
15 30 1 3 94 3 156 7 42 4 64 8 35
15 | 30 | 2 3 |94 4 125 6 40 5 |62 10 | 36
15 50 | O 3 | 154 3 154 6 60 5 99 8 55
15 | 50 | 1 3 | 154 5 256 6 59 5 |106 8 55
15 50 2 4 | 205 4 205 7 62 5 [105 10 56
17 201 0 4 85 4 85 26 62 7 40 15 69
17 20 1 4 85 4 85 101 T 7 41 15 49
17 | 20 | 2 4 | 85 4 85 23 | 60 9 |47 14 | 69
17 20 3 5 | 106 6 127 82 |166 14 | 61 29 56
17 20 4 5 | 106 5 106 36 93 15 | 58 27 75
17 | 30 | O 4 | 125 4 125 28 | 82 7 | 58 15 | 99
17 30 1 4 | 125 4 125 65 |[180 7 61 17 70
17 30 2 4 | 125 4 125 26 79 11|73 16 | 100
17 30 3 5 | 156 6 187 151 T 14 | 93 29 76
17 30 4 5 | 156 5 156 115 T 17 | 98 23 | 103
18 20 0 4 86 9 190 90 T 10 | 51 45 T
18 20 1 4 85 4 85 37 | 106 8 49 17 50
18 20 2 4 85 4 85 107 | 201 9 55 23 53
18 | 30| 0 4 | 126 9 280 60 | 187 | 14 | 80 50 T
18|30 |1 | 4|125| 4 | 125 101 | T | 9 |70 | 17 | 70
18 30 2 4 | 125 4 125 124 T 11 ] 75 23 73
18| 40| 1 | &4 |165| 4 | 165| 48 | D | 10|94 | 19 | 91
18 40 2 4 | 165 4 165 208 T 12 | 101 21 92




7.4

of set T: and all programs in FORTRAN

M Na Nb Oa Ob

% | F s |F s| s |*F g o Us RS2
5 | 26 4 |25 4 |25 3 |34.5 3 |34.5
6 27 4 |26 4 |25 3 |34.5 3 34.5
6 | 27 5 |27 6 |27 3 |[34.5 3 |34.5
5 | 36 5 |37 5 |36 3 |49.5 3 |49.5
7 | 38 4 |35 4 |35 3 |149.5 3 149.5
7 | 38 6 | 38 6 |37 3 |49.5 3 [49.5
5 | 56 5 |57 5 |56 3 179.5 3 179.5
7 58 4 |55 4 |55 3 179.5 3 79.5
7 58 6 |58 6 |57 3 |79.5 3 79.5
6 27 8 |31 7 |28 4 46 4 46
7 28 8 |30 8 |29 4 46 4 46
8 | 29 8 | 30 8 | 29 4 46 4 46
14 | 35 17 | 45 14 | 35 4 46 5 |57.5
14 | 35 17 | 46 13 | 34 5 |57.5 5 |57.5

37 39 7 |38 4 66 4 66

39 8 |40 39 4 66 4 66

39 42 39 4 66 4 66
14 | 45 17 | 55 14 | 45 4 66 5 | 82.5
14 | 45 16 | 53 14 | 45 5 |82.5 5 | 82.5
11| 52 15 | 35 15 | 36 5 | 57.5 5 | 57.5
9 30 10 | 32 10 | 31 4 46 4 46
10 | 31 10 | 34 9 30 4 46 4 46
18 | 49 18 | 51 18 .| 49 5 | 82.5 5 | 82.5
10 | 41 12 | 46 10 | 41 4 66 4 66
10 | 41 10 | 43 10 | 41 4 66 4 66
10| 51 12 | 56 11 | 52 4 86 4 86
10| 51 10 | 53 10 | 51 4 86 4 86




the work per iteration step, it is convenient to count the solution of a
linear system as an iteration step. In the tables the capital D means that
the program diverged and is terminated by some error exit, T means that
the program is terminated because the number of function evaluations be-
came too high. It is clear from table 7.2 that program G is not a reason-
able program for solving large functions, since it failed to solve some
2asily solvable problems and other problems were not solved in the preci-
sion required. For the same reasons we see from tables 7.3 and 7.4 that
the programs L and Ka are not reasonable at all for solving nonlinear
systems, while program Jb should not be used for small problems. This re-
sult for program Ka is rather surprising. We feel that the starting guesses
in program Ka should give better results than those given in program Kb.
This is affirmed by the fact that for many problems the recovery scheme
>uilt in program K is used to obtain a new set of starting guesses when
i1sing version Kb. Probably, there are some small programming errors in the
code published by GRAGG & STEWART [28]. Ancther simple conclusion that can
>e derived from tables 7.3 and 7.4 is that the number of function evalua-
tions as well as the number of iteration steps, needed by program Jb for
solving the given problems is always greater or equal to those, needed by
>rogram Ja. For this reason and for the one given above, we will also con-
sider program Jb as not reasonable. These conclusions will also be justi-
fied by the reliability tests given in section 7.3.

Using the results given in tables 7.1 up to 7.4 we will now calcu-
late the values for the approximate expected relative efficiency of the
various procedures for solving the problems from the various classes.

For this calculation we use the notions and formulas from section 7.1.

7.2.1. Efficiency for solving small cheap problems

As is already stated in section 7.1, we define the approximated
axpected relative efficiency of all reasonable programs for solving pro-

>lems of class W: equally high (cf.(7.1.1.4)). Only the reliability of

1
the various programs is important if one wants to solve these problems.
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7.2.2. Efficiency for solving small expensive problems

In order to evaluate the right ﬁand side of (7.1.1.6) we should know
he value of y (see (7.1.1.3)). In table 7.5 we give the approximated ex-—
ected relative efficiency of the various reasonable ALGOL 60 programs for
solving problems of class W:z, for some typical values of y. Since for all
"ORTRAN programs the value of Yy is equal to zero, we can give the required
results in table 7.6 independent of Y.

[n our notation AA means the set of reasonable ALGOL 60 programs:

(7.2.2.1) b, = {A,B,C,D,E,F,Ga,Gb,H,I}

ind AF denotes the set of reasonable FORTRAN programs:

7.2.2.2) AF = {Ja,Kb,M,Na,Nb,0a,0b}.

TABLE 7.5

- e e

ER,4,,T_,¥,) , for R e by
SR A B C D E F ca Gb H I
I | 0.4 0.4 | 0.9 ] 0.9 | 0.9 | 0.7 ] 0.6 | 0.5 0.5 | 0.6
2 |o0.5]0.5 | 09 | 0.9 09| 0.7 0.6] 0.5 0.5/ 0.6
5 |o0.8|0.8| 0.8 | 0.8 0.7 | 0.6 0.6 0.4 0.4 0.5
/2 | 0.6 | 0.6 | 0.9 | 0.9 | 0.9 | 0.7 | 0.6 | 0.5 0.5 0.6
n |0.9]09 ]| 091 09| 09| 07/ 0.6 0.5 0.5 0.6
»m | 1.0 | 0.9 | 0.6 | 0.5 | 0.5 | 0.4 | 0.4 | 0.3 | 0.3 | 0.4

TABLE 7.6

= e e
E(R,AF,TS,WSZ) , for R ¢ AF

Ja Kb M Na Nb Oa 0b
0.9 0.6| 0.6/ 0.6 0.6| 0.6 0.6
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s an immediate result of table 7.5 we see that programs A or B (Newton's
ethod with analytic Jacobian) is only preferable above other algorithms

f y is small (about 1).

urthermore, programs C, D and Ja (Newton's method with forward difference

acobian) is not efficient.

'.2.3. Efficiency for solving large very cheap problems

To evaluate the approximated expected relative efficiency of the
e
21
alues for n_, ng and n; given in tables 7.2 and 7.4 in the expressions

easonable programs for solving problems of class ¥ . we substitute the
7.1.1.8) up to (7.1.1.13) where B = 1. However, since the first term with-
n the brackets of these expressions is of order | or more and the second
erm is of order nF/n2 we can neglect the second term for large n.

oing so, we obtain with the use of a formula similar to (7.1.1.6) the re-
ults given in tables 7.7 and 7.8. These results are independent of a and
since they only appear in the terms that we neglected.

ince the programs Ga and Gb are considered to be not reasonable for solv-
ng large problems, we will drop them and use the set ZA of reasonable pro-
rams in ALGOL 60, where

7.2.3.1) A, = {A,B,C,D,E,F,H,I}.

A
TABLE 7.7
- - e e -
E(R’AA’TR’WQI) , for R ¢ AA
A B C D E F H I

0.05| 0.05( 0.05| 0.050.05 |0.02| 0.1 1

TABLE 7.8

= e e
E(R,AF,TQ,ng) , for R € AF

Ja Kb M Na Nb Oa 0Ob
0.05] 0.1 0.1 0.05] 0.05 1 1
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learly program F is the most efficient program in ALGOL 60 and the pro-
rams I in ALGOL 60 and O in FORTRAN are relatively very inefficient for

olving large very cheap problems.

.2.4, Efficiency for solving large cheap problems

As in section 7.2.3 we substitute the values for n_, n, and nj, given

F
n tables 7.2 and 7.4, in the expressions (7.1.1.8) up to (7.1.1.13), where

= 2. However, we can no longer neglect the second term in these expres-
ions since ng is usually of order n. Therefore, substituting n and B,
here still remain two parameters o and y (see (7.1.1.7) and (7.1.1.3)
espectively). In table 7.9 we list the values for the approximated expec—
ed relative efficiencies of the programs in ALGOL 60 for some typical
alues of o (0=1,20) and v (y=1/n, 1,n)., Since y = 0 for all programs in

ORTRAN, the results for these programs, given in table 7.10 depend only

n a.
TABLE 7.9
- e e - .
E(R’AA’TQ’WQZ) , for R € AA and some typical values of y anda
R
a Y A B C D E F H I
1 1/n 0.06 0.06 0.2 0.2 0.2 0.1 0.2 1
1 , 1 0.06 0.06 0.2 0.2 0.2 0.1 0.2 1
1 n 0.2 0.2 0.2 0.2 0.2 0.1 0.2 1
20| Y] 0.1 ] o.1 I 1 1 | 0.6 ] 0.4 0.9
20 1 0.1 0.1 1 1 1 0.6 0.4 0.9
20 n 1 1 1 1 1 0.6 0.4 0.9
TABLE 7.10
e e
E(R’AF’TQ’WQZ) , for R € AF and some values of a
R
o Ja Kb M Na Nb Oa Ob
1 0.2 0.2 0.2 0.09| 0.08 1 1
20 1 0.6 0.4 0.4 0.3 0.8 0.9




t is easily seen from table 7.9 that Newton's method with analytical de-
ivatives (programs A and B) is the most efficient method as long as evalu-
tion of the Jacobian matrix is about as expensive as one evaluation of the
mction or cheaper. In all other cases, program F (if a=1) or program H
if a=20) is preferable when a program in ALGOL 60 has to be chosen.

rom table 7.10 we see that the most efficient FORTRAN program is program

>, for both values of a.

.2.5. Efficiency for solving large expensive problems

In a similar way as in section 7.2.4 we obtain the results given in
ible 7.11 and 7.12. For this class of functions B = 3 (cf.(7.1.1.7)) is
ibstituted.

TABLE 7.11
- e e - .
E(R’AA’TZ’W£3) , for R € AA and some typical values of o andy.

o Y R A B C D E F H I
1 1 (0.1 0.1 1 1 1 0.6 10.4]10.8
1 n 1 1 1 1 I 0.6 10.4(0.8
20 1 |0.1 0.1 1 1 1 0.6 {0.3]0.5
20 | n 1 1 1 1 1 0.6 |0.3 (0.5
TABLE 7.12
e
E(R,AF,TQ,W§3) , for R e AF and some values of o
R

a Ja Kb M Na Nb Oa Ob
1 0.6 | 0.4]0.4 | 0.3 | 0.8 | 0.8
20 1 0.6 | 0.4] 0.4 | 0.4 | 0.5 | 0.5

s for large cheap problems (section 7.2.4) we see that programs A and B
lewton's method with analytical derivatives) are superior above the other
rograms in ALGOL 60 as long as the evaluation of the Jacobian matrix is
»out as expensive as one evaluation of the function or cheaper. Otherwise

cogram H is preferred. The programs M and N are the most efficient
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rograms in FORTRAN.

.2.6. Efficiency for solving large very expensive problems

In calculating the approximated expected relative efficiencies of the
arious programs for solving problems of class W§4 we may simplify the ex-
ressions (7.1.1.8) up to (7.1.1.13) by neglecting the first term within
he brackets relative to the second since B = 4. Therefore, the results do
ot depend on a. For the programs in ALGOL 60 we give the results, for

=1 or n, in table 7.13. For the programs in FORTRAN, where y = 0 for all

rograms, the results are given in table 7.14.

TABLE 7.13
- e .e
E(R’AA’Tz’wZ4) , for R € AA and some values of ¥y
R
Y A B c | o | E F H I
1 0.1 0.1 1 1 | 0.6 . 0.5
n 1 1 i 1 i 0.6 . 0.5
TABLE 7.14
e
E(R’AF’TZ’WZ4) s for R € AF
Ja Kb M Na Nb Oa 0b

1 0.6 0.4(0.4 | 0.3} 0.5! 0.5

gain we see that the programs A and B are superior as long as the evalua-
ion of the analytical Jacobian is about as expensive as one evaluation of
he function. Otherwise, program H is the most efficient program in

LGOL 60. The programs N and M are the most efficient programs in FORTRAN.

.3 Reliability experiments

Since the reliability of a program, defined by (7.1.2.1), is inde-
endent of other programs we do not have to distinguish between programs
n ALGOL 60 and FORTRAN when we calculate the reliability. As is mentioned

n section 4.1 and 7.1.2 we use the set Td of testfunctions to measure the
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TABLE

Experimental results for testproblems

Problem A B C D

P n c nS nF ns nF nS nF ns nF

1 3160 6 7 5 11 6 25 5 26
1 510 17 18 6 17 17 | 103 6 47
1 10| O 2 D 12 | 51 2 D 12 | 171
1 |15] 0 2 D 2 D 2 D 1 D

1 125]| 0 2 D 2 D 1 D 1 D

2 |2 1 1 D 1 D 18 | 55 6 34
2 213 14 15 6 20 14 | 43 6 32

3120 42 | 43 4 D 56 | 169 4 D

3121 22 | 23 5 D 65 | 196 5 D

3123 16 17 4 14 16 | 49 4 22

6 (2|0 6 7 5 10 6 19 5 20
6 | 2| 2 100 | T 3 D 67 T 3 D
6 | 2|3 11 12 6 18 11 34 6 30

71210 12 13 70 | 367 12 | 37 70 | 507

7121 16 16 4 D 14 | 43 4 D

9 2| 0 2 3 151 71 2 7 15 | 101




7.15

of set Td and programs in ALGOL 60

E F Ga Gb H I
ns nF ns nF ns nF ns nF ns nF ns nF
6 | 25 | 6 | 25 40 o | 37 | 1w0]1a]| 6|18
20133 2 | D 4 | D 1 | D 9 | 15 | 17 | 68
1| D 2 | D 1| D i1 | p | 56| D 76 | T
1| D 2 | D 1| D 1 | p | 37| p | 8| T
1 | D 2 | p 1| D 1 | D 4 | p 1 | D
8 | 25 | 16 | 48 1| D 1 | p | 97| T 6 | 15
7 | 22 | 19| 58 12|15 | 11 |14 | 17| 20 6 | 15
25| D 8 | 25 98 | T 98 | T 97 | T 11 |27.5
30| D | 25| D 98 | T | 98 | T | 97| T | 40| T
5 | 16 5 | 16 9 | 12 9 |12 | 11| 14 6 | 15
12 | 37 2 | D 98 | T is |18 | 97 | T 7 [17.5
7 | 29 7 | 29 27| 31 | 18 |22 | 13| 17 7 | 21
6 | 19 7 | 21 12 | 15 8 | 11 0| 1 6 | 15
26 | D 7 | D 16|19 | 55 | D | 97| T 12 | 30
9 | 28 | 11| 33 62| D | 63 | D | 33| 36 | 12| 30
12| » 10 | 31 23| 26 | 24 |27 | 26| 29 | 12| 30
11| D 12 | 37 26 | 29 | 26 |29 | 70| 73 | 13 [32.5
2 | 7 2 | 8 4| 7 2 | s 3| 6 1| 2.5
2 | 7 2 | 7 2| 5| 2 |s 4 | 7 1 | 2.5
2 | 7 2 | 6 51 8 3 | 6 3] 6 2 | 5

1) norm of function only 86410—3
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TABLE
Problem A B C D

P n C ns 'D.F I'ls nF ns I'IF ns nF
0|l 2|0 6 | 7 |10 ]| T 9 |28 |44 | T
o| 2 |1 2 |3 |100]| T 8 |25 |44 | T
1| 210 |15 |16 |15 | 16 | 14 |43 | 14 | 43
1] 2 |1 13 |14 |13 | 14 | 13 |40 | 13 | 40
1|22 |15 |16 | & D 15 |46 4 | D
1] 2|3 17 | 18 3 D 17 |52 3 D
2| 4]0 |19 |20 |19 |20 | 19 |96 | 19 | 96
3] 6|0 6 | 7 6 7 6 |43 6 | 43
4| 2|0 - | - - - 4 |13 4 | 13
4] 3]0 - | - - - 4 |17 4 | 17
46| &4 |0 - | - - - 6 |31 5 | 31
4| 5|0 - | - - - 5 |31 5 | 34
14| 6 |0 - | - - - 8 | D 5 | 39
4| 710 - | - - - 6 | D 6 | 59
14| 9|0 - | - - - 4 | D 5| D
16| 10| 0 8 | 9 8 9 8 |89 8 | 89
16| 20{ 0 | 100]| T 7 | 13| 9 | T 7 | 153
16| 30| 0 6 | 7 6 7 6 (187 | 6 | 187
16| 40| 0 7 | 8 7 8 7 |288 | 7 | 288
8| 400 | s |6 | 4| 8| 4P es| 4 | 168

2) norm of function only 2.010—5

3) norm of function only 3.6]0—4

4) norm of function only 1.010—4




. (continued)

F Ga Gb
g ns op ns 2 ?s 2 ns g ns 2
28 | 7 |21 | 98 |T 98 | T 97 | T 28 | 70
28 | 5 |17 | 98 |T 98 | T 97 | T 24 | 60
43 |13 |44 | 24 |27 | 22| 25 | 22 |25 13 [32.5
s |11 |37 | 6 |p | 16217 | 18 |21 | 13 P2.s
46 |13 42| 21 |24 | 23 | 26 | 23 | 26 13 [32.5
67 | 16 | 51 6 | D 20 | 23 | 20 | 23 11 |27.5
106 | 16 | 81 6 | D 4 | D 27 | 32 | 57| T
43 | 4 | 32 15 |22 14 | 21 0| 1 8 | 36
13 | 4 |12 1|14 5 | 8 5 | 8 4 | 10
21 | 3 |13 8 | D 6 | 10 7 | 1 4 | 12
36 | 5 | 25 17 |22 12 | 17 9 | 14 4 | 14
D | 4 |27 | 53 | D | 10| 16 9 | 15 6 | 24
D | 2 | D 3 | 18| 25 | 31| 38 7 |31.5
D | 2 | D 44 | D 14 | 22 13 | 21 5 | 25
D | 2 | D 3 | D 3| D 20 | 30 5 | D
67 | 2 | D 1 | D 1 D 16 | 27 7 |45.5
T 1 | D 1 | D 1| D 18|39 | 8 | T
187 | 2 | 76 1 | D 1| D 21| 52 | 90 | T
T | 2 | D 1 | D 1| D 24| 65 | 75| T
206 2 | D 32*) 73 é D 15 | 56 5 |107.5
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TABLE

Experimental results for testproblems

Problem Ja Jb Ka Kb L

P n ¢ nS nF nS n? nS nF nS nF nS nF

1 31|60 6 26 32 | 134 12 | 23 10 | 20 12 D

1 5|0 7 49 50 T 10 | 23 7 22 45 T
1 {10 0 10 | 121 50 T 16 | 49 5 26 35 T
1 15[ 0 50 T 50 T 16 | 60 6 38 24 T
1 125( 0 1 D 50 T 1 D 1 D 1 D
2| 2 1 16 | 58 6 19 8 11 10 16 14 11
2 (213 6 29 7 22 8 12 8 12 20 14
3(21]0 50 T 50 T 66 T 75 T 12 D
3] 2 1 50 T 50 T 29 | 41 78 T 14 D
3122 4 14 15 | 46 8 i3 13 19 | 2 4
3123 4 20 18 | 55 8 12 11 19 20 16
51310 6 27 29 | 117 23 | 28 15 | 22 66 60
6 2|0 5 18 8 25 1 4 10 | 15 6 D
6 | 2| 2 25 | 204 50 T 8 11 12 16 22 D
6| 2| 3 6 26 9 28 7 10 8 12 22 19

71210 33| 169 18 | 55 23 | 43 20 | 37 14 D

7] 2 1 40 | 275 50 T 25 | 46 25 | 46 7 D
8| 2 1 13| 102 50 T 7 10 6 10 5 8
8| 2| 2 5 24 31 94 4 7 4 8 20 20

9120 10| 53 35 | 106 2 5 7 10 6 D




7.16

of set d and programs in FORTRAN

M Na Nb Oa Ob
s n‘F ns’ ns DF ns' ns n17' ns Py g g
21 31 I 8 12 1 8 12 6 18 6 18
31 51 1 9 15 1 9 15 17 | 68 17 | 68
42 | 84 1 9 20 1 9 20 50 T 1 D
40 T 1 10 | 26 1 10 26 50 T 1 D
28 T 1 10 | 36 1 10 36 1 D 1 D
9 12 1 8 11 i 8 11 6 15 6 15
10 13 1 9 13 ] 9 12 6 15 5 [12.5
83 T 8 47 D 8 47 D 10 | 25 10 | 25
83 T 2 23 D 2 23 D 19 |47.5| 19 [47.5
18 | 30 1 12 15 1 12 15 6 15 6 15
22 | 30 1 12 16 1 12 15 7 |17.5| 7 |17.5
76 T 1 11 16 ! 12 16 7 21 7 | 21
10 13 1 10 14 I 10 13 6 15 | 6 15
83 T 1 13 16 1 13 16 7 [17.5| 2 5
13 16 1 9 13 1 9 12 11 |27.5| 2 5
31 46 1 114 | 117 1 132 | 135 12 | 30 7 D
78 | 151 2 50 D 2 | 50 D 11 28 8 D
83 T 3 95 D 3 95 D 1 3 2 5
83 T 2 4 8 2 4 8 1 3 2 5
19 | 32 ! 24 | 27 1 24 27 2 5 3 8
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TABLE

Problem Ja Jb Ka Kb L

10/2 |0 50| T |s0| T | 8 |T (87| T |8 |bpD

10 | 2 1 50 T 50 T 85 T 85 T 9 D

11{2 |o 15 | 46 50| T 19 | 34 | 23 | 41 4 D
112 |1 13 | 40 26 | 79 20 | 37 | 19 | 36 2 D
11|12 |2 28 | 205 50 T 20 | 36 | 23 | 41 17 D

1112 |3 27 | 174 50 T 22 | 39 | 21 38 2 D

1214 [0 19 | 96 31 | 156 35 | 71 29 | 62 56 76

1413 |0 4 17 4 17 11 19 6 13 26 24
1414 |0 5 28 5 27 21 33 9 16 47 57
1415 |0 4 26 4 26 27 | 43 11 19 70 T
146 |0 5 37 6 43 35 | 55 15| 28 46 51
1417 |0 6 54 5 44 2 D 19 | 36 | 4 D

1419 |0 24 | 355 26 | 341 1 D 25 | 48 1 D

16| 20| O 3 64 3 64 52 | 93 6 28 100 T
16| 30| 0 3 94 3 94 83 | 162 7 40 100 T
16| 40| O 4 165 4 165 160 | T 35| 171 | 100 T

18| 40| O 4 | 166 9 | 370 131 T 13| 101 | 100 T




7.16 (continued)

M Na Nb 0a ob
S| F s | F S | S| | s F
83 | T 97 | T 97 { T | 16| 40 | 15| 38
83 | T 97 | T 97 | T | 17 ]42.5 | 16| 40
83 | T 134 | 140 125 | 131 | 13|32.5 | 10| D
20 | 23 151 | 154 152 | 155 | 13 |32.5 | 10| D
83 | T 11 | o 11| o | 13]32.5]| 10| D
83 | T 185 | 188 179 | 182 | 11|27.5 | 8| D
29 | 34 57 | 66 786 | 83 | 45| T | s0| T
14 | 35 30 | 38 30| 37| 6| 27 | 6] 27
6 | 9 5 | 8 5 | 8 | 4] 10 | 4] 10
6 | 10 7 |13 8 | 14 | 4| 12 | 4] 12
10 | 18 1| 19 o | 14| 4| 14 | 12| 42
10 | 16 11 | 20 9 | 15| 5| 20 | 5| 20
12 | 28 31 | 41 29 | 36 | 4| 18] 4| 18
15 | 31 19 | 30 17 | 25 | 4| 20| 4| 20
22 | 44 28 | 41 31 | 41 | 6] 36 | 5| 30
6 | 17 7 | 21 7 ] 18] 3|19.5] 3] 19.5
5 | 26 6 | 28 6 | 27 | 3|34.5]| 3|34.5
6 | 37 8 | 41 8 | 30| 4| 66 | 3| 49.5
8 | 51 9 | 51 9 | 50| 7|150.5| 7|150.5
19 | 60 21 | 65 20 | 61 | 5|107.5] 5|107.5




‘eliability and we distinguish between the reliabiltiy for small problems
Z(R,T:,Wg)), for large problems (Z(R,Ti,?:)) and for all problems
Z(R,Td,yd)). In order to be able to calculate these values we give in
:able 7.15 and“7.16 the results of the programs in ALGOL 60 and FORTRAN re-
pectively for the set of testproblems Td.

.esides the notation that is also used in the tables 7.1 up to 7.4 the
apital I in these tables means that the program is already terminated in
he initializing phase because of a singular Jacobian matrix.

s 1is seen in table 7.15 we do not give experimental results of programs

. and B for solving the problems (14,n,0), n = 2,3,4,5,6,7,9. For these
roblems, the analytical Jacobian matrix is not available. Therefore, we
ive the reliability of the programs C up to O, which is measured with all
roblems in Td, in table 7.17. Furthermore, the reliability of all programs
leasured with the problems in 4 except for the problems (14,n,0),

.= 2,3,4,5,6,7,9, are given in table 7.18.

'e use the notation:

d = Td ~ {(]4,n,0), n = 293,455’6’7’9}'

7.3.1) T
ince we do not pretend that Td or Td is really a representative set of
unctions for testing the reliability we do only give one significant fig-
re in the tables 7.17 and 7.18. From the results given in these tables,

e can draw some simple conclusions.

he statement, given in section 7.2, that the programs Ga, Gb, and L can

ot be considered as reasonable programs is affirmed by these results.

heir reliability is only 0.5 or less, i.e. for at least half of the pro-
lems of Td these programs fail. Furthermore, the programs B, D and Jb
Newton's method with some kind of step size control) are considerably less
eliable than its equivalent without step size control (programs A, C and
a, respectively). Since step size control is incorporated to increase

he reliability, we must conclude that this goal is not attained and that
hese programs are not useful. The conclusion that program Ka is not use-
ul is not affirmed by the figures, but as we mentioned already, the be-
aviour of program Ka is not clear to us and we feel that there are some

mall programming errors in the code published by GRAGG & STEWART [28].




TABLE 7.17

reliability of programs

R | 2,140 Z(R, 15, %) z®,14,v9)
c 0.8 0.5 0.8
D 0.7 0.8 0.7
E 0.7 0.5 0.7
F 0.7 0.3 0.7
Ga 0.4 0.2 0.4
Gb 0.6 0.2 0.5
H 0.7 0.8 0.7
0.9 0.3 0.8
Ja 0.9 0.8 0.9
Jb 0.6 0.8 0.7
Ka 0.9 0.5 0.8
Kb 0.9 0.8 0.9
L 0.4 0.2 0.4
0.7 0.8 0.7
Na 0.8 1.0 0.8
Nb 0.8 1.0 0.8
0a 0.9 0.8 0.9
Ob 0.7 .8 0.8

'here is another conclusion that can be derived from the tables 7.17 and
.18. Comparing the figures for the program O we must conclude that pro-
ram Oa is to be preferred. Hence, the step length used in the forward
ifference formulas to approximate the elements of the Jacobian matrix

hould not be chosen as small as., 6 .-8 if the machine precision is about

10
0—14. To summarize we may say that the ALGOL 60 programs A,C,D,E,F,H and
. are useful where A,C and I are the most reliable programs; furthermore
‘he FORTRAN programs Ja,Kb,M,N and Oa are useful, where only program M is

onsiderably less reliable than the other programs.
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TABLE 7.18
reliability of programs

R Z(R,T:,wg) Z(R,Tg,‘{’g) z(®,T9,v9)
A 0.9 0.7 0.8
B 0.6 0.8 0.6
C 0.9 0.5 0.8
D 0.6 0.8 0.7
E 0.7 0.5 0.7
F 0.7 0.3 0.7
Ga 0.4 0.2 0.4
Gb 0.5 0.2 0.4
H ' 0.6 0.8 0.6

0.9 0.3 0.8
Ja 0.8 0.8 0.8
Jb 0.5 0.8 0.6
Ka 0.9 0.5 0.8
Kb 0.9 0.8 0.9
L 0.3 0.2 0.3

0.6 0.8 0.6
Na 0.7 1.0 0.8
Nb 0.7 1.0 0.8
Oa 0.9 0.8 0.9
Ob 0.7 .8 0.7

7.4 Experiments about convergence behaviour and special features

of the programs

7.4.1. Convergence behaviour

For the programs C up to I in ALGOL 60 and Ja,Ka,Kb,M,Na,Nb,
ORTRAN we give some diagrams to show the progress of the iteratio
function of the number of function evaluations. These diagrams are
(1lustrations of the performance of the various programs and, in f
mly for the classes of functions sz and W:A where the work done

(teration step can be neglected, these diagrams are illustrations
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relative efficiency. Nevertheless, the diagrams are typical as illustra-
tions of the behaviour of iterative methods for solving nonlinear systems.
The symbols used in these diagrams are explained by the following reference

tables.

programs in ALGOL 60:

£x ¢ program C ;
)= ¢ : program D ;
A ¢ program E ;
O : program F ;

program Ga;

o

se

program Gb;

program H

C & ™ ¥

: program I ;
programs in FORTRAN:

¢ program Ja;

: program Ka;

program M ;

program Na;

)
O

¥ : program Kb;
X

<O

X

program Nb;

z; ¢ program Ob.

One can see from these diagrams,.thét, once convergence starts, it is
going fast (superlinearly or even quadratically).

Furthermore, there appears to be no reason to expect that one program is
is more efficient to obtain the solution in a high precision than another

program. The same holds if only low precision is required.
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lence, as long as the precision is not too high, relative to the round-
£f error in the function and/or its Jacobian, the efficiency of the pro-

;ram is not influenced by the precision required.

'.4.2. Special properties and features

The use of most programs is about the same. The user should provide
‘he function and sometimes its Jacobian matrix, the precision required and
iometimes some controlling parameters. For most programs the function has
0 be programmed such that for a given argument vector the whole function
‘ector is calculated. However, the programs I and O require the programming
f the function such that only one component of the function vector is cal-
:ulated for a given argument vector. This may have severe consequences for
‘he efficiency of programs I and O when the evaluation of one component is
1lmost as expensive as evaluation of the whole function vector.
n advantage of the programs I and O, which is induced by the underlying
1lgorithm, is that solution of problems for which part of the function
.omponents are linear can be done relatively very efficient if the function
.omponents are ordered in the right way. We will illustrate this feature
y the following example.
f we reorder the function components in problem (1,n,0) (see section
«1.1) such that the first (n—1) are linear and the last one is non-
inear, thus:

n
- (n+1) + X, + z xj s, 1=1,...,n = 1,
j=1

Fi(x)

Fn(X)

]
|
+
LU= =
]

hen, this problem is solved by the program I and O and solution is re-
larkably efficient. The differente between solving problem (1,n,0) and its

‘eordered analogue with the programs I and Oa is illustrated by table 7.19.
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TABLE 7.19

Influence of reordering function components
such that linear ones come first for the

programs I and O and problem (1,n,0)

program I program Oa

H normal reordered normal reordered
ks

S ns nF ns nF ns nF ns nF
2 1 2.5 4 .10 1 2.5 4 10
3 6 18 5 15 6 18 5 15
5 17 | 68 5 20 17 68 6 24
10 76 T 6 39 50 T 7 46
15 83 T 7 63 50 T 7 63
25 1 D 7 98 1 D 7 98

he reason for this behaviour is that in the reordered case the linear
omponents are treated first so that a much better approximation to the
olution is used by the time that the nonlinear component is approximated.
11 other programs use a method of vector-wise approximation so that re-

rdering does not influence the behaviour of the program.
However, program K has a mechanism for treating linear components

part. The user may define the problem function as an underdetermined linear
ystem together with an underdetermined system of nonlinear equations. For
yrogram K the number of nonlinear equations has to be at least two. The re-

sults of using this mechanism for problem (1,n,0) are given in table 7.20.




TABLE 7.20

Influence of the use of the feature

for linear components in the programs

Ka and Kb for problem (1,n,0)

program Ka program Kb

M normal |with feature normal with feature
o

5 n_ | ng n_ ng n, | ng n_ ng

3 12 | 23 5 10 10 | 20 5 11

5 10 | 23 8 16 7 22 5 12

10 16 | 49 6 13 5 26 5 12

15 16 | 60 8 16 6 38 5 12

25 1 D 7 14 1 D 5 12

learly, the reliability of the programs I, K and O is influenced by the

se of these features. When we assume that the user takes full advantage

f these features, then we should do the same if we compute the reliability
f these programs and we should replace the values for the programs I, Ka,
b and Oa in table 7.17 by those given in table 7.21. We see from this

able that program Oa is fully reliable if we give only one significant
igit for these values. In fact, it failed only once by solving 40 diffi-
ultly solvable problems. As is seen from table 7.16 it failed to solve
roblem (12,4,0). This problem has a singular Jacobian matrix (rank 2) at

he solution.

TABLE 7.21

leliability for some programs if special features are used.

R Z(R,Tg,\l’:) Z(R,Tg,wg) z@®, 14,0 dL
I 0.9 0.5 0.8

Ka 0.9 0.7 0.8

Kb 0.9 I 0.9

Oa 1 1 1
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ist remark about the behaviour of the programs which is induced by

tperimental results is concerning the failure detection of the pro-
Most of the programs do only generate an error exit if the matrix

» linear system appears to be (numerically) singular. Sometimes, step

control (program B and D) or a resetting mechanism (program N) gives

iibility to detect divergence or convergence to a stationary point

is no solution, so that an error exit can be generated. However, we

'om the tables 7.15 and 7.16 that rather often the program has to be

lated by the user by choosing some upper bound for the number of func-

valuations. Sometimes, this facility is built in in the program, so

‘he best results obtained so far are given as output, hbwever, in
cases the user himself should build in a jump out of the program by

mming the function in such a way, which is very undesirable.

‘her case, the user has to choose some upper bound on the number of

on evaluations or iterations without having any reasonable idea about

nce this depends heavily on the method used and the problem to be

We feel that good failure exits are essential for a good program,

r, we do not judge the given programs on this criterion in this

CLUSIONS

eneral remarks

As we mentioned before, the method of choosing a program for solving
em of nonlinear equations will usually be a method of trial and

as long as we do not know whether the problem is easily solvable.

r, with the results given in section 7 we feel that we can give

er reliable information about what program he should try first and
fails what will be the best to try subsequently and so on. We dis-
sh between the six classes of problems Wsl’ WSZ’ Wzl’ le, WQB

4 defined in section 5.1 and we assume that the user is not able to
ine whether his problem is easily solvable or not. Our method of

ng is as follows:




—-first of all drop all programs that are not reasonable (see
section 7.1); these are the programs B,D,Ga,Gb,Jb,Ka,L and Ob;
-then the most efficient program in ALGOL 60 and FORTRAN is chosen;
if two programs are equally efficient, then the most reliable is
4,¥d) from tables 7.18 and 7.21) ;

—-as the next choice we take the next efficient program whose relia-

chosen; (we use Z(R,T

bility is higher than the reliability of the program that is chosen
first (for both ALGOL 60 and FORTRAN)
-we repeat this process until we do not have any choice any more;
-we will not use program C if program A can be used more efficiently
and vice versa, since these programs are the same, except for the

use of an analytical or approximated Jacobian matrix.

Hence, we obtain for a certain class of problems a sequence of programs
in ALGOL 60 and in FORTRAN. So, all the user has to do is to determine in
which class his problem should be placed, to read the conclusions given
about this class and to try and solve his problem with the programs in the
order given. Only if he is not interested in efficiency he should choose
the last program of the sequence of programs in the language he uses,
since this is the most reliable one.
The conclusions are based on the assumption that the user makes use of
the features of some programs mentioned in section 7.4.2 if one or more
of the function components are linear.

Furthermore, it is obvious that we assume that the programs are
used in the form as described in section 4.
To simplify our conclusions we do not distinguish between programs Na
and Nb. There is always a slight preference for program Nb.
For convenience we say that a cheap Jacobian is available if the user can
supply analytical derivatives of the function and the evaluation is about
as expensive as one evaluation of the function or cheaper. Furthermore,
we formalize the notation of the sequences of programs as follows:
a semicolon between two programs means that one should try first the
program mentioned before the semicolon and if it failed then one should
try the program behind the semicolon; an or-symbol (v) between two pro-

grams means that there is no preference between these two programs,




the user should try one of them. So we end

sions for the various classes of problems.

8.2. Solving small cheap problems (Wsl in

Programs in ALGOL 60 : Av CvVv I,

vshere A can only be used if analytical der

Programs in FORTRAN : Oa.

8.3. Solving small expensive problems (Wsz

Programs in ALGOL 60 :
if a cheap Jacobian is available then: A,

Programs in FORTRAN : Oa,

8.4. Solving large very cheap problems (¥

Programs in ALGOL 60 : Av C ; I ,

vhere A can only be used if analytical der

Programs in FORTRAN : Ja ; Oa.

3.5. Solving large cheap problems (sz in

Programs in ALGOL 60 :
iLf a cheap Jacobian is available then: A,
otherwise:
if o (defined by (7.1.1.7)) is about 1 or

>therwise: H ; F ; I .

Programs in FORTRAN : N ; Kb ; Oa.

3.6. Solving large expensive problems (W23

Programs in ALGOL 60 :
iLf a cheap Jacobian is available then: A,
>therwise, if a is about 1 or less then: H

>therwise H ; I.

v follc

v avail

5.1)

. 5.1)

avail

5.1)
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Programs in FORTRAN :
if o is about 1 or less then: N ; Kb ; Oa ,

>therwise: N ; Oa.

B8.7. Solving large very expensive problems (W24 in section 5.1)

Programs in ALGOL 60 :
if a cheap Jacobian is available then: A,

>therwise: H ; I .

Programs in FORTRAN : N ; Oa.

8.8. General conclusions

We see that the following programs in ALGOL 60 are useful for having

available (for instance in a software library):

A, C, F, H, I.

ixcept for A and C (both Newton's method) they are based on different types
of algorithms. Program F is based on the secant algorithm, program H on the
juasi-Newton algorithm and program I on a method of component-wise approxi-
nation. As far as programs in FORTRAN are concerned it is sufficient to

have available:

Ja, Kb, N, Oa.

Jere again we have Newton's method (Ja), a secant method (Kb), a quasi-
Vewton method (N) and a method of component-wise approximation (0Oa).
The comparison of the programs in ALGOL 60 indicates that it might be use-
ful to have a FORTRAN-version of program A.

Furthermore it should be noted that translation of the programs K
and N in ALGOL 60 may change the picture and the modifications in Oa re-

lative to its analogue in ALGOL 60, program I, seems to be worth while.
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\PPENDIX

In this appendix we give source texts of some programs which have
reen changed with respect to the text given in the references. Some of
chem are already adapted to the software library NUMAL [39]. Some other
yrograms are changed. We give these texts, mainly to show what source
:exts are tested. Therefore, source texts of programs which are not
hanged by us, can be found in literature and we did not list those here
'furthermore the source texts of the subroutines NEWI (program J), NONLIQ
.program L) and QNWT (program M) from the MSL software library are not

listed since they are not available.

Since some of the programs in ALGOL 60 make use of procedures de-
:lared by code numbers, we will give a short explanation of their perfor

nance. Detailed descriptions and source texts are given in NUMAL [39].

‘eal procedure vecvec(l,u,shift,a,b) ;
vecvec delivers the inner product of the vectors given in

a[ 1:u] and b[1+shift : u+shift].

*eal procedure matvec(l,u,i,a,b) 3
matvec delivers the inner product of the vector given in

b[l:ul and the row-vector given in ali:i,1l:n].

*eal procedure tamvec(l,u,j,a,b) ;
tamvec delivers the inner product of the vector given in

bl[1l:u] and the column-vector given in all:u,j:jJ].

yrocedure dupvec(1l,u,s,a,b) ;

dupvec duplicates the vector given in b[l+s : u+s] to all:u]

rocedure elmvec(l,u,s,a,b,x) ;
elmvec adds x times the vector given in b[l+s : u+s]

to the vecor given in all:ul].

»rocedure elmcolvec(l,u,jsa,b,x) ;
elmcolvec adds x times the vector given in b[l:u] to the

column-vector given in all:u,j:jl.
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gsssol(a,n,aux,b) ;
gsssol solves the linear system of order n, whose matrix is
given in a[l:n,1:n] and whose right-hand side is given in
bl[1:n]. The solution is overwritten on btl:n]. The matrix
elements are overwritten. In the auxiliary array aux one
should give in aux [2] the precision of arithmetic and in
aux [4] some controlling parameter (advised value 8). The

rank of the matrix is delivered in aux [3].

er lists of the tested procedures in ALGOL 60 are made as uni-
ossible. The parameters have the following meaning:

order of system ;

the initial guess as input and the solution as output ;

the functionvector; on exit the functionvector at the calcu-
lated solution ;

a boolean type procedure;

boolean procedure funct(n,x,f) ; the parameters have the same
meaning as above and the program is terminated if the proce-
dure delivers false for some argument vector ;

a procedure for calculating the Jacobian matrix ;

procedure jacobian(n,x,f,jac,funct) ;

the Jacobian matrix is delivered in jac[l:n,l:n] ;

the other parameters have the same meaning as above ;

some auxiliary array to provide tolerance and values for
control parameters (input) ;

some auxiliary array in which some by-products are delivered;
For the programs E up to I out [5] # 0 means that no solution
is found; for the programs A up to D out [6] # 6,4 means that

no solution is found.

iven texts are not really intended for use, but only to vali-
nclusions and to show what changes are made to the original

s, we assume that the short description above will be suffi-
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"COMMENT® NEWTONS METHOD. PROGRAM A OR C3
"PRDCEDURE' PROGRAM A(N, X, F, FUNCT, JACOBIA
"VALUE" Ny "INTEGER® N3

"ARRAY® X, F, IN, UUT)

"BOOLEAN" 'PRQCEDURE“ FUNCT;

"PROCEDURE® JACOBIAN,

"BEGIN" "INTEGER" TEXT, IT, ITMAX, FEyAL, FEV
"REAL® RN, RE_TO_PAR, ABSTOLPAR, ABSTOLRE
"BOOLEAN® TESTTHE;

WARRAY® JACT1sN & 1,13N), SOL[1 1 N}, AUX

'R!AL'”PROQEDURE" VECVEC(L, U, SHIFT, A,
"PROCEDURE® DUPVPC(L. U, 8, A, B)y *CODE"
"PROCEDURE® ELMVFC(L, U, S, A, B, X)3 "CO
"PROCEDURE® GSSSOL(A, N, AUX, B)y nCODEw

"BOOLEANP#PROCEDURE® LOC .FUNCT(N, X, F)y
"VALUE® Ny_"INTEGER" N3 "ARRAY® X, Fy
-azklun LOC FUNGT3® TEST THFis FUNET(N, X

"AND® TEST THF1 FEVALi= FEVAL ¢ 1
"END® LOC FUNCTS

ITMAX3e FEVALMAXt® IN[4)) AUX[2)is N = IN
AUX(4)se Y] RELTOLPAﬂgl INTL] =% 25 ABSTO
ABSTQLRESgI !N(Il LEI]] TEXTi® s TEST TH
8TAPig OUTII]g® qUT(S)em OUTIT)s= 0
PUNCT¢N, X, 80L)s RNzm VECVEC(i, N, 0, 80
OUT (3138, 8GRT(RNy; FEVAL1®, 13
"FOR® ITsg {, IT ¢ 1 "WHILE® IT <8 ITMAX
FEVaL < FEVALMAX ¥"DQ*
"BEGIN® OUT[§)i= IT; JACOBIAN(N, X, SOL,
RIp® ®NOT® T;gr THF #THEN®
"BEGIN' TEXT], 3y "GO Tow FAIL WENDw,
GS§90L (JAC, g AUX, 80Ly3
"Ig®, AUX(3] "8 N “THEN'"BEGIN" TEXTi=
STaP3s VECVEC(}, N, 0, SOL, SOL)y
NOEMXI' VECVER (L, No 0o Xo X)ip,
wiFw lTAP » RELTDLPAR % NORMX + ABSTOL
"OR® 1T = § RAND® 8TaP » 0 "THEN®
"BEGIN” ELMVEP(!: N, 0, X 80L, = 1)}
'IF" #NOT% FUNCT{N, X, F)} PTHEN"
WBEGIN® TEXTi® 25 "GO TO® FAIL "END
RNsgs VECVEF(IO Ns 0, Fo F)s
"IFA RN <m ABSTOLRES "THEN"
'BEG!N' TExT;l 4 ITMAX;: It _“END®
”ELSE” DUPVECL (1, Ns Q. SOL, F)
"END® JTERATION AND TESTS "ELSE"
"BEGIN® TEXTie 63 ITMAX3s IT "END"
REND® OF ITERATIONS;

FAIL 2
OUT (118 SORT(STAP)y OUT(213m SQRT(RN); O
OUT (6] s8 TEXTg OuUTI8l 3= AUX({3); OUT(9)3=&
"END" PROGRAM Aq

oUT)s

Ps NORMX;
K

ODE" 34010,
0201

INI2) 2% 23
RUE";

)§
DCFUNCT)

TO® FAIL "EM

s FEVAL + 11

s FEVAL?Y




NT® NEWTONS METHOD
JURE® PROGRAM A(N,
" Ny YINTEGER®™ Nj

M X, . Fs IN. OUT:
AN" #PRQCEDYRE® FUN
JURE® JACOBIAN,

W RINTEGER® I, J, I
+ ITMAX, INRMAYX, TI
EAL® RHQ., REB1. RES
STAP, NORMXs _

JOLEAN® CONy, TESTT
RRAY®? JAC[13N & 1,1

TALAW"PROCEDURE® VEC
ROCEDURE® DUPVYEC(L.
ROCEDURE® ELMVEC(LS
ROCEDURE® GSS3S0L (A,

JOLEANY"#PROCEDIRE"
ALUgE" Ny °®INTEGER®
EGIN® LDC FUNCT:s T

"AND® TEST THFg F
dD® LOC FUNCT:

YAX3® FEVALMAX1a IN
K{4) 1% 8¢ RELTALPAR
STOLRESss IN(3) ¢«
PVEC(1. N, Qs PRy X
KT}z 83 MiT3s oy TE
5218 STAPgm OUT(1]}
NCT(N, X, 80L)s RNS
T(3138 SORT(RNy; FE
JR® ITis i, IT + 1
FEVAL < FEVALM
EGIy® gUIrSItI I7:
"IF® ® TEST. THF T
"BEGIN® TEXTig 3;
68530L (JAC, N, AUX
"IF® AYX[3) Tp N ¥
"BEGIN® TEXT:: 13
STAPE®_VECVEC(), N
RMQ1B 29 NQRMxts V
"Ir' 8TAP.> RELTOL
CPOR® 1T = § PpN

TEP SIZE CONTROL, P
FUNCT, JACOBIAN, IN

T, TEXT,
AL, FEVALMAX;
RELTOLPAR, ABBTOLP

MPING ONj .
R. FU2, sOLIff 3§ NI,

u' SHIFTI ‘; B)’ "
Ay By “CODﬁ" 3103
Ay, B, X)3 'CODE" 3
X, B)s "CODE®™ 34232

NCTEN:, X, Fyg

RAY® X, Fy

Fi& FUNET(N, X, F)
FEVAL ¢

UXt2)es N & IN[O)s
1} 2% 23 ABSTOLPAR;:
MAX3® IN[6))

$® "TRUE"

5] 38 0UT(7]|= 0
EC(1, No 0, SOL., SO
13 DAMPING ONzm ®Fj
? [T <8 ITMAX "ANDW

AN(N, X, 80L, JAC.,

® FAIL REND®,
§

® FAIL ®END®;

DL, 80L) g

‘l Nl 9: X, X)n
NORMX ¢ ABBTOLPAR
B » 0 PTHEN®

D D

S,




iGIN#WFOR® INR§s 0, INR ¢ |
an;ngnxrn INR & { WTHEN® DAMPING ON "QRw
RELSE" T CONYV "AND" (RN «<s RESj "OR" RES
"B!G!N'"COHHENT' DAMPING STOPS WHEN
RO_> Ry_"AND" R{ <= R2 (BESY RESULT I8 X
WITH X1 ® X0 ¢ I = DX, [t 1, .5, .25,
RHO1g RHO / 23 "IF™ INR > 0 "THEN"
"BEGIN®" RES13= REB2s DUPVEC(L, N, 0, F,
DAMPTNG ONtz INR » |
'END"r
WPOR® Icr i "STEP® { WUNTIL" N ®pOw
. PRIIyss X({I] e RHO « §0L (11,
TEST THF|= FUNCT(N, PR, FU2)} FEVAL!: FE
"IF® YNAT® TEST THF “THEN®
WBEGIN" TEXTg= 23 "GO TO® FAIL "END",
RES23s VECYEC(1, N, 0, FU2, FU2) CONVx'
"ENp® DAMPING OF STEP VECTOR;
mIFm CONV nTHEN®
"BEGIN#WCOMMENT® RESIDUE CONSTANT; MITi= MI
nIF® MIT « TIM "THEN™ CONVgm ®FALSE"
"ENpD" "ELSF® MITis 0
"IF" INR » | WTHEN®
"BEGIN® RMOg® RHO #« 23 ELMVEE(i, N, 0, X, S
RNg=2 RES1{3 "IF¥ INR > 2 WTHEN® OUT(7):s=
“END#WELSEN
"BEGIN® DUPVEC(1, N, 0, X, PR)s RNis RFS2;
. DUPVEC(i, N, 0, F. FU2)
”END"!

"IF% RN <= ABSTOLRES #THENW

*BEGIN“ TEXT;! 4 ITMAX;: IT “END®®ELSEn
nIFw CONV "AND“ INRMAX » 0 ®THMEN®

"BEGIN® TEXTis Sy ITMAXgm IT_"END"®

"ELSE™ DUPVEC(1, N, 0, SOLs F)

ID" ITERATION WITH DAMPING AND TESTS "gLSEw
:GINw TEXT3s 63 RHOg=m {3 ITMAXgm IT WEND®
oF ITERATIONS)

;l QQRT(STAP) & RHOj 0UT(2);8 SQRT(RN)y OUT
$18 TEXTy; OuT(als=s AUX[3]s OUT{9) 12 AUXIs)
,RAM B




QISCRETIZED NEWTON METHOD OF PANKIEWICZ, PROGRAM
En PRQGRAM EtNs X, Fo FUNCT, IN, OUT)y

[} "INI!GER' N3 "ARRAY® X, F, IN, OUT:

"PROCEQURE"™ _FUNCT}

ALGORITHM 378 FROM CACM BY W, PANKIEWICZ, ALGOR 3
TEM OF NONLINEAR EQUATIONSS

gPRQc!DURE' VECVEC(L,U,8,4,B)5 "CODE" 340103

ER" "PROCEDURE®™ NIELIN (N, Hs, W, EPS, Y, 2);

* N, Ho W, EPSy "INTEGER® Ny "REAL®™ H, W, EPSy

" Ye 29

"_WINTEGER" M, I, K; "REAL™ ALPHA, Ry "BOOLEAN" B|
RAY®" A 1 2 No 1 8 N ¢ 13, V [1 8 NJ, AUX[137)

OcEDURBE® 6SSSOL (As N, AUX, B}
dE® 34232;

DCEDUBE” GAUSS (U, A, Y)5 "INTEGER" Uj "ARRAY" A,
BIN® WINTEGER® I, Jj PARRAY® HA [1 3 U, 1 § U}, HY
v DR" x:l i ~STEP” i FUNTIL® U app#
'aEGIN" HY [tles A (I, U ¢ Lig
"FOR' un i "STEP¥ { RUNTIL®" U
"DOR HA (r Jlte & (1, J)
TEND® g Auxxavx- "e10p AUX[0G)tm 89
3980, (HA, U, AUX, HY),
’IF" aUX (3] =< U 'THEN" "EOTO" ERROR ,
EOR" tge i aSTEP® i FUNTIL® U #Dp0® Y [1lze HY [f)
)ag
JQEDURE' FC(!,F)S
aY" %, F3




J0

RE

U13

EG;N" CNTsg CNT ¢ 13
"IF® CNT » IN [4] FTHENT
'BEGIQN NIELTINt® = 43 "G
wyF® FUNCT (N, %, F) "
nGOTO® ALARM

NOnm FCy

IQ’

TEK: Bits ﬂTRuE" FC(Y,Z

OR® ltg 1 %8TEP™ { "UNTIL

EGIN" A f1, N ¢ 1lie Ris
Byis B "AND® R ¢ EPS;

ND® 3

F® 81 'THEN" AG0TO" KONI

OR®» I:a 1 "STEP® | WUNTTIL

EGIN® R:- Y (119 Y [I)s=
"EOR® Kgz 1| WSTEP® § "uN
Y (Ilz= R

ND# g

USS (Nn ép V)I ‘LPH‘S. 13

ORw I3m | PSTEP" 1 PUNTIL

F* ALPHA = 0 *THEN®" *GOTO

OR® Its | "STEP" 1 "UNTIL

o® v !;1;: Y 11} e vV I

g M ¢ i3

OTO' PQCZATEK

Cs NIELINz- M; "GOTO% END

} NIELINg= « 13 "GOTO" EN

H uIELINxs e 23 *GOTO® EN
NIELIN}® = 3o

QUT (4132 M ¢ OUTIL4)
NIELING

GER" TEL, CNT., ITT:
1180}

CNTi® 01

ITree NIELIN (N, IN (9],
TEL + {3

(ITT ® o 2 "OR* ITT = = 3
* wGOTQ" REPEATS

ITf » o0 THEN? OUT [S1is
1138 8GRT (VECVEC (1, N,
2l s SQRY (VEECVEC (1, N,
6) 38 TEL

DGRAM €

ND "END"y

on
Rsa ABS (R)s

DH
FC (Y, Z)s
"pO® A (K, I}lss 2

d% ALPHA1s ALPHA =
3 ALPHAgs M / ALPHA

Ay His H & W)

1, IN 111, Xo F)3
" OTEL < 3
E® QUTI(S) 1melTTy

£))3
F)); OUT (313m CNTy




:OMMENT® MOD}
’ROCEDURE"™ PR
/ALUE™ N3 "IN
JOOLEAN® %PRp
;OMMENT® ALGO
.GOR 12 SOLVE
JEGIN
nPROCEDUREn
"ARRAY™ X,
#"BEGIN® CNT
NIFH iNT
NIFN
wEND® FUjg
"REAL® WwPRQ
"REAL® RES;
"SWITCH® o;
"PROCEDURE®
AVALUE® Do
#INTEGER® D
WREAL® EPS,
"ARRAY® X,y
#"PROCEDURE®
"SWITEH" O]
"BEGIN® nly
"REAL® ¢
"BOOLEAN
"ARRAY®
"INTEGER
*COMMENT
Kgz 03 H
PEORY K3
"BEGIN®
"END® K3
KMAX:! 5
FU(D'X,E
#COMMENT
BFORW | g

ENERALIZED SECANT METHOD, PROGRAM Fy
F(N, X, F, FUNET, IN, OUT);

N$ "ARRAY" X, Fo IN, OUT

HFU

12 rnnn 'COMPUTING BY W, SCHHETLICK,
STEM OF NON LINEAR EQUATIONS;

JXoFA)s "VALUE® Nj "INTEGER® Nj

11
4) ®THEN® "BEGIN® DUT(S!:SU; "GOTO" Ly ¥END#y
X,FAY PTHEN® "BEGIN® OUTIS) 3=s3 "GOTO" L4 "END";

" VECVEC(L,U,8,A,8)5 WEODE® 34010
GER® CNT,IT,1; ®ARRAY® Y [1gNly

L2, L3 , .
A(D,FU,EPS,PIVOT,IMAX) TRANSs (X,Y) EXITg (DIV);
O0T.ImMpa¥s

ToJ Kol P, @, NR,KMAX S

8 . . .

1,DEUTAL18D,1100s

AY® PERMIL1:D] g

IHMUNG VON KMAY g

Gz! IN(l 61803%9891/0

“HHIIE" G 2 H #DO"

Gi® LN((SORT((K+2) # S45) 4 Kel) & 0,5)/(K+D)

ATIONSBEGINN,
TEP# § WUNTIL® IMAX wpO»

B‘BL!OTHEEK MATHEMAT oL iU
e AMSTERDAM ———




I"_wcom
IR" Kism
GIN" G
Fl,l(DaX
IRy "Fo
"REGIN

HIF

NBE

"EN
 DEL
RENDR
ID§ Kg
'“MENT!
IRN K’g
lRl Pis
GIN" H
"EOR'
"BEGIN
"IF
IBE
”EN.D”
RIF® H
"BEGIN
Ngss P
IEORR
JgsDy
"FORH
"BEGIN
”FQ
DEL
Giam
MFO
DEL
PER

3ERECHNUNG_DER STEIGUNG DELTA;
#P® el PUNTIL® { ®pO*
1 ® X(K}s X(K)e®B Y(K)}
TESTs® "TRUE";
_1 YSTEP® | WUNTIL® D "DO"
FFLI) » F(I)
M) + ABS(G) m ABS(H) "THEN"
FQMMENT” KORREKTUR VON X3
TEST "THEN®
" OUTlal;:L; "GOTO" DIV(1] "END";
1 & EPS ¢ EPS = EPSy XIK)g2aX([K)=G; FUI
YIK); TESTg= ®FALSE®; "GOTO" CORR
REKTUR: ) v
i3 H/Gy Frlize FFLI)

FKZERLEGUNG VON DELTAj
FP® 1 MUNTIL® D "DO" PERM([K]i=z Kj
FP" { WUNTIL® Dei "DO"

"STEP" | "UNTIL® D *pDO"
ABS(DELTA(K,P] )

H RTHEN®

18 G Qge K PENDY

UCHE s

(PIVOT) ®THEN®

yl1sLy "GOTO" DIV([2) "END"y

g Hi® {/DELTA[Q,P)y .

RSTEP® | WUNTIL® D *DO" FF(K)is DELTA|

BTEP" o MUNTIL® P %DO*

_1sQ "THEN® "GOTO" WEITER;

1 %STEP® | "UNTIL® Pei{ "DO"
) 18DELTALI, K]}

tJ,P1is DELTALL,P] « Hp

Pei "STEP® {1 ®UNTIL" D "pO®
138 DELTALL,K] e FF(K]) & Gy
PERM[Il: JiB Jeig




WEITER: "gND® 1,
'FOR' K’
P;RM[P):

"END® P,pRE
"COMMENT® g
"FORu 11
"BEGIN" 'IF
"EOR® ;
"REGIN®
"END® X,
TCOMMENT
"EOR® B3
"pEBIne®
“?QR”
% FFI
"END® P
”FORW @g
"BEGINT
"FQR"
a FEFI
"END® B,
"cDHMENT
Rg8:=s@R
TEOR® Ka
nREGIN®
ipe
T;&?a
TEND® Ky
ﬁ;?« T!g
”ENDW ;a &7
YEND® |,
QUT (4] s Lalq
CHLUSS OUT(nguSQa
#END® REGULA;

"FOR® Iy | "STEP
YOIl s® X(I1 # (1
REGULA(N, FU, IN{
OUTISIgs 05 »GQTO
1t OUT(Sl3s §s %GOT
23 OUTIS) = zs "GOY
33 OUT(S1ss 35 "GOY
42 OUT[1)i1= §BRT(VE
IND" PROGRAM Fy

103

TEP® | SUNTIL® D 00" DELTA([P,K]i= FF

RLEGUNG;
TERATION,

8 § BUNTIL® KMAX_®0O"
0 "THEN® FU(D, Y, F)s
TEP® 1 ®yYNTIL® p ¥DO"
RMEIKI 3 FFIK]sm FIJ)
TATION DER RECHTEN BEITEj
INATION DER RECHTEN 8FITE;
TEP® § WUNTILY D #poO"

[t D]

”3TEP“ 1 YUNTIL® Pei "DO" Hiz H e DE| 9]
(Pljs M

TEE® =i ®UNTIL® { =DOw

Pl

#1 "STEP® { ®UNTIL" D "DO" Hias HeDELT,
{Plias H/DELTALP,P)

NMATION DER RECHTEN BFITE:

UEHTEST; .

EC(1:D0,0,F.F3)es TEE&T2e RES <8 INI[1)3
TEP® 1 ®UNTIL® D w#pO»

{Kij Gim X(K)jm YiK]g Gg= Y[K]ie GwHj
» ABS(EPS & Gy + ABS(EPS) nTHEN®

gg*®

N® #GOTO® SCHLUSS
ERATION;

DIVEES?
ECC1.,D,0,F,F))s OUTI4) 3L

NTIL® N wpO®
1) ¢ IN(8ls CNT3s 0
!01; INTal, X, Y. DIV)ﬁ

s Ny 0. Y, Y))p OUTI3)1m CNT




MENT™ METuOD OF DULLFY AND PITTEHAY, BASED ON GENE
0D, PROGRgM G,
CEDURE" PROGRAM G(N. Xs Fy FUNCTJ IN, OUT)s ®VALUE
AY"™ X, F, INs, OUTs "BQOLEAN" "PROCEDURE"™ FUNCT)
IN® "REAL' "PROCEDURF" VECVEC(L' U, I' A, B)l "COD
PROCEDURE® FS(P. X)3 R"ARRAY® F, X3
BEGIN® "!F' EUNCT(N, X, F) ®WTHEN®

"BEGIN® OUTISIgm §3 »GOTQ® EXT WEND®,

CNTi® gNT ¢ 15 PIF® CNT > IN[4] "THEN"

"BEGIN® ODUTISIg= g3 "GOTO® EXT "END"
END® FC3

INTEGER® CNT, COUNT; PARRAY® ACCESTI1iN]3

PROCEDURE® NDINVT(FUNcTIONS INITSTEP,ERROR.cYcLES,
VALUE® N "PROCEDURE' FUNCTIONS; PREAL® INITSTEP,E
INTEGER® fYCLES,N; "ARRAY" X,F,ACCEST;
BEGIN" ®RgAL" WORK,SUMSQGRES,PREVRES;
PINTEGER® I.J;
"BOOLEAN® suxr;u
"ARRAY® PREVF L13N], COPYDELFIIIN;llNI DELX,DELF {1y
AUX (13770
"PROCEpuRE' CS80L (a,N,AUX,B); PCODE® 34232
AUX{2) sg%ei0s AUX[4) 188 COUNT::O) SUMBQRESs= "3
FUNCTIONS(PREVF,X)s
"EOR® Sl! § "STEP' 1 "UNTIL® N "DOS®
"BEGIN® xtllg- X{I1 ¢ INITSTEP;
FUNCTIONS(E,X)j.
"POR® Jis { "8TEP" 1 WUNT{L® N npOn»
'BEG;N' DELFII,J]is FLJ) o PREVF(J])
"COMMENT® IF_THE REMARK OF VANDERGRAFT aND
Bg INcORPpRATED, THEN THE LAST STATEMENT 8§
DELFIJ,1) s _J
DELX(T,J188 ¢
"ENDw DIFF[RchrNG INITIAL POINT
DELXfI,X1§s INITSTEP;
X{I1z8 X[11 o INITSTEP;
YEND® SETTING UP THE INITIAL MATRIX OF POINTS,

D SECANT

INTEGER" N3

103

CEST,N)}

+1d,

ENYI SHOULD
START WITH




ITERATES
SWITCHig "TRUE
PREYRES = BUMS

TRYAGAINg
"FOR® 138 | "g
"BEGIN® F(]]ts

"FOR® Jim |
"END® COPYING

6SSOL(CQOPYDELF
SUMSQRESE® 03
"FOR® J3m | ®8
“BEGIN® NORK:-
”FORH Jis |
NQRK,S HORK
X{1)zs X1}
SUMBQRES ;=
"END® CaLCULAT
COUNT3® COUNT
FUNCTIONS(F,X)
RIF® COUNT » ¢
#IF® SUMBORES
(ERRQOR » 0
*BEGIN® 0OUTI(S
"FOR® Tim | "8
"BEGIN® WORK3s
PREVF (1] 1=
"FORs Jiam N
"BEGIN® PEL
DgLFt1,J
"END» CALGU
DELX(I,1118
DELF(I,1)es
"END® MQVINg 4
PGOTO" ITERATE
INLINES .
"FOR® ;s | Wg
"BEGIN® DELX[I
DELFI, N);,
END" DISLARD]
SWITCHEg = SW]
RlFe SHITCH LA ¢
EXITe
SEND® NDINVT

cNT:l 05 No!NVr(F
XT3 OUTIi) s 8ORT(Y

QUTI3is® CnT: OUT

oOUT (4] g® COUNT
END" PROGRAM 3

RUNTIL® N RDOW

[11;

" { MUNTIL®" N %pO* COPYDE
OR DESTRUCTIVE USE IN PRO

oF)s PIF® AUXI3) <N "THEN®
®UNTIL® N *DO®

# { RUNTIL® N "pon )
X{1,J) = FULJYp ACCEST(IIg

K3
ES + WORK # WORK
NEXT POINT;

WTHEN® #BEGIN® QUTIS) j=1;

R & ERROR "AND"

UMBQRES » PREVRES) PTHEN®

#*GOTO® EXIT "END®,
_WUNTIL® N #DOw

e PREVF (Il

" ef WUNTIL® { #DO®

11313 DELX([],J] e ACCEST(I
DELF LI, Ji = WORK

OF NEW DIFFERENCES;
871811

UP ONE PLACE IN TaBLES:

FUNTIL® N "DO®
DELX [T Neiis
I,N¢+1]

ERNATIVE POINTy

JTI51 381 *ELSE® #GOTOR TR

81, IN[21, IN[4), X, F, A
s No 0, ACCERT, ACCEsT))
BERT(VECVEC(i, N, 0, Fo F

FlI,J)
-YE?

NE 3

"END Y}

105




WCOMMENT® GUASI-NEHTON METHOD OF BROQYDEN., PROGRAM H;
"PROCEQURE® PROGRAM H(N, X, F, FUNCT, IN, OUT)}
"VALUE® N; "INTEGER" N3 "ARRAY" Xy Fo IN, OUTy
"BOOLEAN® "PRQCEDUREu FUNCTy
"BEGIN® “;NTEG!R" I, J. FCOUNT, MAXF, ERR, 1T,
ﬂREALn S4, TOLRES, RELTOL, AB8TOL, RES;
"ARRAY® Y, P, YIT3Nl, HILeN,13N] )
"SWITCH" LABEL:= LBy, LB2, LBB, LB4, LBSy

"REAL®» "PROCEQURF® VECVEC(L, U, S, A, B)3 "CODE" 34010
"REAL® *PROCEDURE® MATVEC(L, U, I, A, B)j "CODE» 34011}
"REAL® #PROCEDURF® TAMVEC(L, U, I, A, B)s "CODEw 340123
"PROCEDURE® DUPVEC(L, U, S. A, B)s PCODE"™ 31030,
"PROCEDURE" ELMVFC(L, U, 8., A, B, X)s “CODE® 340207
*PROCEDURE® ELMCOLVEC(L, U, 1, A, B, X)3 "CODE" 34022;

"PROCEDURE® STEP{TP1, TP2)s "VALUE" TP1, TP2;
"INTEGER" TPi, TP2: .
"BEGIN' ";NYEGERH i ”REAL" 8BBy PARRAY® SB([13gN)
ELMVEC;la N, 0, X, P, i)l
DuPVEcgi.’N, 0¢ Vo F)g FUNCT(N, X, F)3
FCOUNTs2 FCOUNT ¢ 13
OYPVYEC (L. Ny 0, Y, F)3_
ELMVEC(). No 0e Y5 Yo =1)3
"FOR® Tgs 1 »STEP" | WUNTIL® N =DO"
"gEGIN® $BBis 8BI(Ilg= MATVEC(1. N, I, H, Y)g
Viliie 88B = P[]}
BENDH
SégtVECVEC(l. N, 0, 8B, P)3s
PiF" 84 8 0 HTHEN® ’GDTO' LABEL (TP213
"pOR® J3g 1 *STEP" | ®"UNTIL® N #DOW
ELMCOLVEC(io N Ii He Vs aTAMVEC (L, N, 1s H, P
)y / 8a)
"END* BTEPs
RELTOL8® IN{1]s aB8TOL3s= IN[2)s TOLRESts IN[3)}
MAXFig IN[4]}
FUNGCT (N, X, F)1 FCOUNTi® {5 ITi® ERRi=® 03
"FOR® 138 { ”STEP" i ”UNTIL" N #pg®
"BEGIN® PtI;as 0y HII,101® 13
"FOR® Jim I ¢ { "STEP® { MUNTIL® N »DO"
Hil.Jlse H{J.Ilem 0
REND® INITIALIAZATION,
"FOR™ Jt= { %8TEP® | MUNTIL® N *DQ"
"BEGIN' P[Ilsz "eb %« ABB(X[I]) ¢+ "e103 STEP(S, 4)j
Pril
"END® ;ALCULATION oF INITIAL ITERATION MATRIX,
REPEATS ITge 1T 4 1
"FOR® 138 { "§TEP® | "UNTIL" N "DO"
PIIlig =MATVEC(L. Ny I, Hy F)J
STEP(3. 2)%
RES;s 30RT(VECVE¢(1; N 0. Foa F))3
nIF" SORT(VECVEC(i, Ns 0, P, P)) <
SQRT(VECVYEEL(1, N, 0, X, X)) = RELTOL ¢ ABSTOL "AND¥
RES < _TOLRES ¥*THEN® *GOTO® EXIT3
nIF® FCOUNT <« MAXF ®THEN® wGOTO" REPEAT
LBls ERRym 13 "GOTO"™ EXIT}
.B23 ERRjs 51 "GOTO" EXIT;
LB3: ERRg=z 29 "GOTO® EXITy
.B4y ERRjys 69 "GOTO" EXITj
.BSy ERRyg_7p "GOTO® EXITy
EXIT} OUT:;les SGRT(VECVEC(}, N, 0, P, P))s OUT(2)3m RES;
OUT (3188 FCOUNT; QUTI4lIz= 17y OUT(S]se ERR
"END® PROGRAM Mg




4:5NT' BROWNS METHOD OF COMPONENT=WISE APPROXIMATION,
M1,

JCGDURE' PROGRAM I(N, X, FA, FUEOM, IN, 0UT);

LUE® Ny WINTEGER® Ny PARRAY® X, FA, IN, OUT)

JLEAN® WPROCEDURE® FUCOM;

AMENT® ALGORITHM 316 FRQOM CACM BY K,M, BROWN,

ALGOR 3§p SO, VES A SYSTEM OF NON LINEAR EGUATIONS;

SIN® "INTEGER® I,J,K,M, TTEMP, JSUB,KMAX,KPLUS, TALLY,TIM,ENT,
MaXIT, ERR, FMAXj

"REAL® F,H,HOLD,FPLUS,DERMAX, TEST,FACTOR,PT,HCOE, XI, TM,
RELTOL, ABSTOLS

RINTEGER? ®ARRAY® POINTER([iN, 13N] , J8UB 1N}

RPARRAY® TEMP,PARTI1:N), cozts:N.naN + 113

'BEAL- -PROCFDUR!" VECVEL Ly U, 8, A4, B)jy "CODE® 340107
“PROCEDURE® NUPVEC (L, U, 5. 4, B); RCODE® 31030,
¥"@ROCEDURE® eLMVEC(L, U, 8, A4, B, X): "CODEn 34020
"PROCEQURE™ RACK SUBST(K)j WVALUE" Ky "INTEGER" Ky
'BEGXNH 'INTFG!R" KM, KMAX,J8UBs "REAL® XKMAX)
SEOR® KMys K *STEPn ® | ®UNTIL® 2 wpOw
RBEGIN® KMAX:: ISUBIKH & 113 XKMAX3e 01
'FOR' Jis KM WSTEP® { wUNTIL® N "pOw
"BEGTN® JQUB:B POINTERIKM, Ji ¢
XKMAX3= XKMAX ¢ COEIKM < {,J8UB] ¢ X[JSUB)
"END"
xtKHAXIss XKMAX ¢ COE[KM e §,N ¢ 1)
PEND®
"END® BACK SUBS8T:

'PROCEDURE" THEORFU(N, K, Xy Fig ®VALUE®" N, K;
R NTEG!R' Ng Kp "REAL® Fy "ARRAY" X
'BEGIN" CNT:p CNT ¢ 12 #IF® ENT » FMAX wTHEN®
"Q!GIN" FRﬂxi {3 *G0OT0® EXIT "END®y
RIFw FUCOHIN. Ky X F) RAYHEN"
"BEGIN" FRRim 23 "GOTO" EXIT PENDWy Falklg=z F
"END® THEORFU;

RELTQL!; INCU s ABSTOL:I IN[2)¢ .
FMAXgm IN(4]s MAXITg® IN[4) ¢ 2 s Ny ERRgm CNTi® 03
"FOR® Mgs e | "STEP" { WUNTIL® MAX [T %pOw
"BEGIN® '?OR" Ji® 1 ®STEP® | WUNTIL® N "DO"
PQINTER[Y, Jlge J;g
"FOR® Kis § "STEP® { ®UNTIL® N nDO®
"BEGIN® RIF® K » | "THEN® BACK SUBST(K)
THEQRFU(N K;XeF1s FACTORRE "ely
AGAIN; TALL Yxt 05 .
"FOR® Igm K RSTEP® | &UNTIL® N wDQ"™




END

END

X [KM

ern

ELHY

NIFQ

8QRT

“THE

JumMPy DU

. "ENDY My
(171 OyYT(ilgs
OuT(31}s
QuTldlss
Y"END® PROGRA

" ITEMPia POINTER(K,I)3 HOLDsts X[ITEMPI,

] FACTQR % HOLDg “IF" H & 0 "THEN" Hsz FACT!
ITEMP] 28 HOLD ¢ Mg

PP K » | "THEN" BACK SUBST(K);
EORFU(N,K, X, FPLUS)

12 PARTIITEHPI g8 (FPLUS » F) s My

ITEMP] 18 HOLD;

F" ABS(F / PT) » %20 "THEN" TaLLYs= TALLY +

ALL Y > N ® K "THEN"

" FACTORy® FACTQR & 103

F" FACTOR > ,5 MTHEN®

EGIN" ERRi® 43 "BOTO" EXIT "END")
OTO" AGAIN

g N "YHZN'

§ wipw ABS(PT) 8 0 "THEN®
EGIN® ERRgs 53 #50TO" EXIT WEND"j
DEss 0ps KMAXs® ITEMPy ¥"GOTO®" END K

pgiuvzazx.x1; DERMAX = ABS(PART [KMAX]))

] ¢ 13

Ill K PLU8 "8TEP® { PUNTIL® N "pO®

® JSUB:E POINTERIK, 11 TESTys ABS(PART(JSUB)

Fo TESY « DERHAX HTHEN®

INTER[KPLUS, I] 18JSUB "ELSE"

EGIN® DERMAX3S® TEST; POINTER(KPLUS,I)ie KMAX
KMAXss JSUB

ND®

ERMAX s Q "THEN®

" ERRge 33 "GOTO" EXIT "END"j

J§& KMAXy MCOEss 01

Ji® KPLUS "STEP® | "UNTIL® N "DO"

" J3UBis POINTERI(KPLUS,J1y PTis PARTI[JSUB]
E(K,J8UB) 3= = PT , PART[KMAX]

DEi® HCOE ¢ PT & X(JSUB]

Es= COE(K,N ¢ 1Jgs (HCOE = F) / PARTIKMAX) +
j

4C0Es "IF® N » { PTHEN® BACKSUBST(N)j
1 "THEN® "GOTO® JUMP,

N, 0, TEMP, X, =1):

VECYEC(i, N, 0, TEMP, TEMP)) «

ECi, N,"0, X, X)) » RELTOL + ABSTOL
TO" EXIT,

s My 0, TEMP, )

VECVEC(L, N, 0, TEMP, TEMP))g
Ny OUTIs]ss ERR:
ERR 8 6 "THEN" M ¢ 2 "ELSE" M ¢ |




